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Abstract. This paper investigates the concept approximation problem
using ontology as an domain knowledge representation model and rough
set theory. In [7] [8], we have presented a rough set based multi-layered
learning framework for approximation of complex concepts assuming the
existence of a simple concept hierarchy. The proposed methodology utilizes the ontology structure to learn compound concepts using the rough
approximations of the primitive concepts as input attributes. In this paper we consider the extended model for knowledge representation where
the concept hierarchies are embedded with additional knowledge in a
form of relations or constrains among sub-concepts. We present an extended multi-layered learning scheme that can incorporate the additional
knowledge and propose some classes of such relations that assure an improvement of the learning algorithm as well as a convenience of the knowledge modeling process. We illustrate the proposed method and present
some results of experiment with data from sunspot recognition problem.
Keywords: ontology, concept hierarchy, rough sets, classiﬁcation.

1

Introduction

In AI, approximate reasoning is a crucial problem occurring, e.g., during an interaction between two intelligent (human/machine) beings which are using diﬀerent
languages to talk about objects from the same universe. The intelligence skill of
those beings (also called agents) is measured by the ability of understanding the
other agents. This skill appears in diﬀerent ways, e.g., as a learning or classiﬁcation in machine learning and pattern recognition theory, or as an adaptation
in evolutionary computation theory. A great eﬀort of researchers in machine
learning and data mining has been made to develop eﬃcient methods for approximation of concepts from data [6]. Nevertheless, there exist many problems
that are still unsolvable for existing state of the art methods, because of the high
complexity of learning algorithms or even unlearnability of hypothesis spaces.
Utilization of domain knowledge into learning process becomes a big challenge
for improving and developing more eﬃcient concept approximation methods. In
previous papers we have assumed that the domain knowledge was given in form
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of a concept hierarchy [7] [8]. The concept hierarchy, the simplest form of ontology, is a treelike structure with the target concept located at the root, with
attributes located at leaves, and with some additional concepts located in internal nodes. We have adopt the layered learning approach [13], and rough set
methods to proposed a multi-layered algorithm for induction of “multi-layer
rough classiﬁer” (MLRC) from data [7]. We have shown that MLRC has significantly better classiﬁcation accuracy and shorter classiﬁcation time comparing
with the traditional rough classiﬁers. Nevertheless, many problems still remain
in this research. The problem is related to the choice of the appropriate learning algorithm and the corresponding decision table for approximation of each
concept in the hierarchy. Moreover, during experiment execution, we observed a
noticeable worsening of accuracy of classiﬁers in the consecutive layers. This is
because, except the own approximation error, the compound classiﬁer can have
a mistake even when only one of its component classiﬁers fails, e.g., it has a
misclassiﬁcation or returns no answer.
The mentioned above problems are probably caused by the simpliﬁcation of
the knowledge representation model, where the only structure of concept ontology was utilized in the learning algorithm. In this paper we consider an extended
knowledge representation model, where except the concept hierarchy, we assume
that there are some constraints between concepts on the same level. We will
present a modiﬁed layered learning algorithm that utilizes those constraints as
the additional domain knowledge.
The paper is organized as follows. Section 2.2 provides some basic notions of
concept ontology, some important classes of concept relations and some basic
ideas of rough set theory and the problem of concept approximation. Section 3
presents a multi-layered learning algorithm driven by ontology for the concept
approximation problem. Section 4 is devoted to illustration and analyzing the
accuracy of the proposed method for the sunspot recognition problem. The paper
ﬁnishes with summarized conclusions and discussion on possible feature works.

2

Preliminaries

Concepts can be understood as deﬁnable sets of objects. Formally, any subset
X of a given universe U which can be described by a formula of L is called
the concept in L. The concept approximation problem can be understood as
searching for approximate description – using formulas of a predeﬁned language
L – of concepts that are deﬁnable in other language L∗ . Inductive learning is the
concept approximation method that searches for description of unknown concept
using ﬁnite set U ⊂ U of training examples.
2.1

The Role of Ontology in Inductive Learning

Ontology is deﬁned in literature as a formal description of concept names and
relation types organized in a partial ordering by the concept-subconcept relation
[12]. Syntactically, given a logical language L, an ontology is a tuple V, A, where
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the vocabulary V is a subset of the predicate symbols of L and the axioms A
are a subset of the well-formed formulas of L [5]. The set V is interpreted as a
set of concepts and the set A is a set of relations among concepts present in the
set V . A taxonomy is the most commonly used form of ontologies. It is usually
a hierarchical classiﬁcation of concepts in the domain, therefore we would draw
it in the form of tree and call it a concept hierarchy.
Nowadays, ontology is used as an alternative knowledge representation model,
and it becomes a hot topic in many research areas including (1) ontological
speciﬁcation for software development (2) ontology driven information systems
(3) ontology-based semantic search (4) ontology-based knowledge discovery and
acquisition [3] [4]. Many applications in data mining make use of taxonomies
to describe diﬀerent levels of generalization of concepts deﬁned within attribute
domains [5]. The role of taxonomies is to guide a pattern extraction process to
induce patterns in diﬀerent levels of abstractions.
Ontologies are also useful for concept approximation problems in another context. One can utilized the concept hierarchy describing the relationship between
the target concept (deﬁned by decision attribute) and conditional attributes
(through additional concepts if necessary) in the induction process. Such hierarchy can be exploited as a guide to decomposition of complex concept approximation problem into simpler ones and to construction of compound classiﬁers
for the target concept from the classiﬁers for primitive concepts [15].
2.2

Rough Sets and Rough Classiﬁers

Rough set theory has been introduced by Professor Z. Pawlak [9] as a tool for
approximation of concepts under uncertainty. The theory is featured by operating on two deﬁnable subsets, i.e., a lower approximation and upper approximation. The ﬁrst deﬁnition, so called the “standard rough sets”, was introduced by
Pawlak in his pioneering book on rough set theory [9].
Given an information system S = (U, A), where U is the set of training objects,
A is the set of attributes and a concept X ⊂ U . Assuming at the moment that
only some attributes from B ⊂ A are accessible, then this problem can be also
described by appropriate decision table S = (U, B ∪ {decX }), where decX (u) = 1
/ X.
for u ∈ X, and decX (u) = 0 for u ∈
First one can deﬁne called the B-indiscernibility relation IN D(B) ⊂ U × U
in such a way that x IN D(B) y if and only if x, y are indiscernible by attributes
from B, i.e., infB (x) = infB (y). Let [x]IN D(B) = {u ∈ U : (x, u) ∈ IN D (B)}
denote the equivalence class of IN D (B) deﬁned by x. The lower and upper
approximations of X (using attributes from B) are deﬁned by:




LB (X) = x : [x]IN D(B) ⊆ X ; UB (X) = x : [x]IN D(B) ∩ X = ∅
Let us point out that there are many extensions of the standard deﬁnition of
rough sets, e.g., variable rough set model [14] or tolerance approximation space
[11]. In these methods, rough approximations of concepts can be also deﬁned by
rough membership function, i.e., a mapping μX : U → [0, 1] such that LμX =
{x ∈ U : μC (x) = 1} and UμX = {x ∈ U : μX (x) > 0} are lower and upper
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approximation of a given concept X. In case of the classical rough set theory,
|X∩[x]IN D(B) |
the rough membership function is deﬁned by μB
X (x) = |[x]IN D(B) | .
The inductive learning approach to rough approximations of concepts we assume that U is a ﬁnite sample of objects from a universe U and X = C ∩ U is the
representation of a unknown concept C ⊂ U in U . The problem can be understood as searching for an extended rough membership function μC : U → [0, 1]
for C ⊂ U such that the corresponding rough approximations deﬁned by μC are
the good approximations of C.
U - - - -  μX : U → [0, 1]
∩
⇓
U - - - -  μC : U → [0, 1]
The algorithm that calculates the value μC (x) of extended rough membership
function for each new unseen object x ∈ U is called the rough classiﬁer. In fact,
rough classiﬁers can be constructed by fuzziﬁcation of other classiﬁers [1]. The
speciﬁcation of each algorithm for induction of rough classiﬁers is as follows:
Input: Given a decision table SC = (U, AC , decC )
Output: Approximation of C in form of a hypothetical classiﬁer hC = {μC , μC }
indicating the membership μC (x) of any object x ∈ U to the concept C or
the membership μC (x) to its complement C.
Rule-based, kNN-based and decision tree based rough classiﬁers are examples of
rough classiﬁer types that will be used in next sections. These methods will be
used as building blocks for construction of compound classiﬁers.

3

Ontology Driven Construction of Rough Classiﬁers

Induction of rough classiﬁers is the most important step in many applications of
rough set theory in the process of knowledge discovery from databases. We have
presented a multi-layered learning scheme for approximation of complex concept
assuming that a hierarchy of concepts is given. The main idea is to gradually
synthesize the target concept from the simpler ones. At the lowest layer, basic
concepts are approximated using input features available from the data set.
At the next layers, the approximations of compound concepts are synthesized
using rough approximations of concepts from the previous layer. This process
is repeated for successive layers and it results in the creation of a multi-layer
rough classiﬁer (MLRC). The advantages of MLRC have been recognized and
conﬁrmed by many experiments over diﬀerent concept approximation problems
[7] [8]. But in case of poor quality (incomplete, noisy) data sets, this learning
scheme gives approximations with unsatisfactory accuracy because of the high
sensitiveness of compound rough classiﬁers.
In this paper, except the concept hierarchy, we propose to extend the knowledge representation model by some constraints between concepts on the same
level. We show that such constraints can improve the quality of classiﬁers.
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Knowledge Representation Model with Constraints

Recall that taxonomy, or concept hierarchy, represents a set of concepts and a
binary relation which connects a ”child” concept with its ”parent”. The most
important relation types are the subsumption relations (written as ”is-a” or ”ispart-of”) deﬁning which objects (or concepts) are members (or parts) of another
concepts in the ontology. This model facilitates the user to represent his/her
knowledge about relationships between input attributes and target concepts.
If no such information available, one can assume the ﬂat hierarchy with the
target concept on top and all attributes in the downstairs layer. Besides the
”child-parent” relations, we proposed to associate with each parent concept a
set of ”domain-speciﬁc” constraints. We consider two types of constraints: (1)
constraints describing relationships between a concept and its sub-concepts; and
(2) constraints connecting the “sibling” concepts (having the same parent).
Formally, the extended concept hierarchy is a triple H = (C, R, Constr), where
C = {C1 , ..., Cn } is a ﬁnite set of concepts including basic concepts (attributes),
intermediated concepts and target concept; R ⊆ C × C is child-parent relation
in the hierarchy; and Constr is a set of constraints. In this paper, we consider
constraints expressed by association rules of the form P →α Q, where
– P, Q are boolean formulas over the set {c1 , ..., cn , c1 , ..., cn } of boolean variables corresponding to concepts from C and their complements;
– α ∈ [0, 1] is the conﬁdence of this rule;
In next sections, we will consider only two types of constraints, i.e., the
”children-parent” type of constraints connecting some ”child” concepts with their
common parent, and the ”siblings-sibling” type of constraints connecting some
sibling concepts with another sibling.
3.2

Learning Algorithm for Concept Approximation

Let us assume that an extended concept hierarchy H = (C, R, Constr) is given.
For compound concepts in the hierarchy, we can use the rough classiﬁers as a
building blocks to develop a multi-layered classiﬁer. More precisely, let prev(C) =
{C1 ,..., Cm } be the set of concepts, which are connected with C in the hierarchy.
The rough approximation of the concept C can be determined by performing
two steps: (1) construct a decision table SC = (U, AC , decC ) relevant for the
concept C; and (2) induce a rough classiﬁer for C using decision table SC . In
[7], the training table SC = (U, AC , decC ) is constructed as follows:
– The set of objects U is common for all concepts in the hierarchy.
– AC = hC1 ∪ hC2 ∪ ... ∪ hCm , where hCi is the output of the hypothetical
classiﬁer for the concept Ci ∈ prev(C). If Ci is an input attribute a ∈ A
then hCi (x) = {a(x)}, otherwise hCi (x) = {μCi (x), μCi (x)}.
Repeating those steps for each concept through the bottom to the top layer
we obtain a “hybrid classiﬁer” for the target concept, which is a combination of
classiﬁers of various types. In the second step, the learning algorithm should use
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the decision table SC = (U, AC , decC ) to “resolve conﬂicts” between classiﬁers of
its children. One can observe that, if sibling concepts C1 , ..., Cm are independent,
the membership function values of these concepts are “sent” to the “parent”
C, without any correction. Thus the membership value of weak classiﬁers may
disturb the training table for the parent concept and cause the misclassiﬁcation
when testing new unseen objects. We present two techniques that enable the
expert to improve the quality of hybrid classiﬁers by embeding their domain
knowledge into learning process.
1. Using Constraints to Reﬁne Weak Classiﬁers: Let R := c1 ∧ c2 ... ∧ ck →α c0
be a siblings-sibling constraint connecting concepts C1 , ..., Ck with the concept
C0 .We say that the constraint R ﬁres for C0 if
– Classiﬁers for concepts C1 , ..., Ck are strong (of a high quality).
– Classiﬁer of concepts C0 is weak (of a low quality).
The reﬁning algorithm always starts with the weakest classiﬁer for which there
exist a constraint that ﬁres (see Algorithm 1).
Algorithm 1. Classiﬁer Reﬁning
Input: classiﬁer h(C0 ), constraint R := c1 ∧ c2 ... ∧ ck →α c0
Output: Reﬁned classiﬁer h(C0 )
1: for each object x ∈ U do
2:
if x are recognized by classiﬁers of C1 , ..., Ck with high degree then
3:
if c0 is a positive literal then
4:
μC0 (x) := α · min{μC1 (x), μC2 (x), ..., μCk (x)}; μC0 (x) := 1 − μC0 (x);
5:
else {c0 is a negative literal}
6:
μC0 (x) := α · min{μC1 (x), μC2 (x), ..., μCk (x)}; μC0 (x) := 1 − μCi (x)
¡

7:
h (Cj ) := μC0 , μC0 ;

2. Using Constraints to Select Learning Algorithm: Another problem is how to
assign a suitable approximation algorithm for an individual concept in the concept hierarchy? In the previous papers [7] the type of approximation algorithm
(knn, decision tree or rule set) for each concept was settled by the user. In this
paper we show that the constraints can be treated as a guide to semi-automatic
selection of best learning algorithms for concepts in thehierarchy.

Assume that there is a ”children-parent” constraints: i ci →α p (or i ci →α
p) for a concept P ∈ C. The idea is to choose the learning algorithm that
maximizes the conﬁdence of constraints connecting P  s children with himself.
Let RS ALG be a set of available parameterized learning algorithms, we deﬁne
an objective function ΨP : RS ALG → + to evaluate the quality of algorithms.
For each algorithm L ∈ RS ALG the value of ΨP (L) is depended on two factors:
– Classiﬁcation quality of L(SP ) on a validation set of objects;

– Conﬁdence of the constraints i ci →α p
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The function ΨP (L) should be increasing w.r.t. quality of the classiﬁer L(SP )
for the concept P (induced
 by L) and the closeness between the real conﬁdence
of the association rule i ci → p and the parameter α. The function Ψ can be
used as an objective function to evaluate a quality of approximation algorithm.
Algorithm 2. Induction of multi-layered rough classiﬁer using constraints
Input: Decision system S = (U, A, d), extended concept hierarchy H = (C, R, Constr);
a set RS ALG of available approximation algorithms
Output: Schema for concept composition
1: for l := 0 to max level do
2:
for (any concept Ck at the level l in H) do
3:
if l = 0 then
4:
Uk := U ;
5:
Ak := B, where B ⊆ A is a set relevant to deﬁne Ck
6:
else
U
7:
Uk := Ë
8:
Ak = Oi , for all Ci ∈ prev(Ck ), where Oi is the output vector of Ci ;
9:
Choose the best learning algorithm L ∈ RS ALG with a maximal objective
function ΨCk (L)
10:
Generate a classiﬁer H(Ck ) of concept Ck ;
11:
Reﬁne a classiﬁer H(Ck ) using a constraint set Constr.
12:
Send output signals Ok = {μC (x), μC (x)} to the parent to the next level.

A complete scheme of multi-layered learning algorithm with concept constrains is presented in Algorithm 2.

4

Example and Experimental Results

Sunspots are the subject of interest to many astronomers and solar physicists.
Sunspot observation, analysis and classiﬁcation form an important part of furthering the knowledge about the Sun. Sunspot classiﬁcation is a manual and
very labor intensive process that could be automated if successfully learned by a
machine. The main goal of the ﬁrst attempt to sunspot classiﬁcation problem is
to classify sunspots into one of the seven classes {A, B, C, D, E, F, H}, which are
deﬁned according to the McIntosh/Zurich Sunspot Classiﬁcation Scheme. More
detailed description of this problem can be found in [8].
The data was obtained by processing NASA SOHO/MDI satellite images to
extract individual sunspots and their attributes characterizing their visual properties like size, shape, positions. The data set consists of 2589 observations from
the period of September 2001 to November 2001. The main diﬃculty in correctly determining sunspot groups concerns the interpretation of the classiﬁcation scheme itself. There is a wide allowable margin for each class (see Figure 1).
Therefore, classiﬁcation results may diﬀer between diﬀerent astronomers doing
the classiﬁcation.
Now, we will present the application of the proposed approach to the problem of sunspot classiﬁcation. In [8], we have presented a method for automatic
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Fig. 1. Possible visual appearances for each class. There is a wide allowable margin in
the interpretation of the classiﬁcation rules making automatic classiﬁcation diﬃcult.

modeling the domain knowledge about sunspots concept hierarchy. The main
part of this ontology is presented in Figure 2.

#
A → ¬D
A → ¬E
A → ¬F
A → ¬EF
A → ¬DE
A → ¬DF

"

!

Fig. 2. The concept hierarchy for sunspot recognition problem

We have shown that rough membership function can be induced using diﬀerent
classiﬁers, e.g., k-NN, decision tree or decision rule set. The problem is to chose
the proper type of classiﬁers for every node of the hierarchy. In experiments with
sunspot data, we applied the rule based approach for concepts in the lowest level,
decision tree based approach for the concepts in the intermediate levels and the
nearest neighbor based approach the target concept.
Figure 3 (left) presents the classiﬁcation accuracy of ”hybrid classiﬁer” obtained by composition of diﬀerent types of classiﬁers and ”homogenous classiﬁer”
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obtained by composition of one type of classiﬁers. The ﬁrst three bars show
qualities of homogenous classiﬁers obtained by composition of k-NN classiﬁers,
decision tree classiﬁers and rule based classiﬁers, respectively. The fourth bar
(the gray one) of the histogram displays the accuracy of the hybrid classiﬁer.
The use of constraints also give a proﬁt. In our experiment, these constraints
are deﬁned for concepts at the second layer to deﬁne the training table for the
target concept AllClasses. It is because the noticeable breakdown of accuracy
have been observed during experiments. We use the strategy proposed in Section
3 to settle the ﬁnal rough membership values obtained from its children A-HB-C-DEF, D-EF, E-DF, F-DE (see the concept hierarchy). One can observe
that using constraints we can promote good classiﬁers in a composition step.
A better classiﬁer has higher priority in a conﬂict situation. The experiment
results are shown in Figure 3. The gray bar of the histogram displays the quality
of the classiﬁer induced without concept constraints and the black bar shows the
quality of the classiﬁer generated using additional constraints.

Fig. 3. Accuracy comparison of diﬀerent layered learning methods

Another approach to manage with sunspot recognition problem is related
to temporal features. Comparative results are showed in Figure 3 (right). The
ﬁrst two bars in the graph describe the accuracy of classiﬁers induced without
temporal features and the last two bars display the accuracy of classiﬁers induced
with temporal features. One can observe a clear advantage of the last classiﬁers
over the ﬁrst ones. The experimental results also show that the approach for
dealing with temporal features and concept constraints considerably improves
approximation quality of the complex groups such as B, D, E and F .

5

Conclusions

We presented some extensions of a layered learning approach. Unlike traditional
approach, in the layered learning approach the concept approximations are induced not only from available data sets but also from expert’s domain knowledge.
In the paper, besides a concept dependency hierarchy we have also considered
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additional domain knowledge in the form of concept constraints. We proposed
an approach to deal with some forms of concept constraints. Experimental results with sunspot classiﬁcation problem have shown advantages of these new
approaches in comparison to the standard learning approach.
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3T11C00226 from Ministry of Scientiﬁc Research and Information Technology
of the Republic of Poland and the research grant of Polish-Japanese Institute of
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6. W. Kloesgen and J. Żytkow, editors. Handbook of Knowledge Discovery and Data
Mining. Oxford University Press, Oxford, 2002.
7. S.H. Nguyen, J. Bazan, A. Skowron, and H.S. Nguyen. Layered learning for concept synthesis. Jim F. Peters, A. Skowron, J.W. Grzymala-Busse, B. Kostek,
R.W.Swiniarski, and M. S. Szczuka, editors, Transactions on Rough Sets I, LNCS
3100, pp. 187-208. Springer, 2004.
8. S.H. Nguyen, T.T. Nguyen, and H.S. Nguyen. Rough Set Approach to Sunspot Classiﬁcation Problem. In Proc. of Rough Sets, Fuzzy Sets, Data Mining, and Granular
Computing (RSFDGrC 2005), Part II, Regina, Canada, August/September 2005,
pp. 263-272. Springer, 2005.
9. Z. Pawlak. Rough sets. International Journal of Computer and Information Sciences, 11:341–356, 1982.
10. Z. Pawlak and A. Skowron. A rough set approach for decision rules generation. In
Proc. of IJCAI’93, pages 114–119, Chambéry, France, 1993. Morgan Kaufmann.
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