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Abstract. The process of construction and tuning of classiﬁer networks
is discussed. The idea of relating the basic inputs with the target classiﬁcation concepts via the internal layers of intermediate concepts is explored. Intuitions and relationships to other approaches, as well as the
illustrative examples are provided.

1

Introduction

In the standard approach to classiﬁcation, we use hypothesis formation (learning)
algorithm to ﬁnd a possibly direct mapping from the input values to decisions.
Such an approach does not always result in success. We address the situation
when the desired solution should have an internal structure. Although possibly
hard to ﬁnd and learn, such architecture provide signiﬁcant extensions in terms
of ﬂexibility, generality and expressiveness of the yielded model. We attempt to
show our view on the process of construction and tuning of hierarchical structures
of concepts. We address these structures as classiﬁer networks, where the input
concepts correspond to the classiﬁed objects or their behavior with respect to the
standard classiﬁers, and the output concept reﬂects the ﬁnal classiﬁcation. The
relationship between input and output concepts is not direct but based on the
internal layers of intermediate concepts, which help in more reliable transition
from the basic information to possibly compound classiﬁcation goal. We strive
against formalization of this approach with use of analogies rooted in other areas,
such as artiﬁcial neural networks [2, 3], ensembles of classiﬁers [1, 10], and layered
learning [9]. We present the formalism that describes our classiﬁer networks and
illustrate them with examples of actual models.

2

Hierarchical Learning and Classiﬁcation

In general, a concept is an element of a parameterized concept space. By a
proper setting of these parameters we choose the right concept. In our approach,
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a concept represents a basic element acting on the information originating from
other concepts or the data source. As an analogy, consider the case of neural
networks (NN), where a concept corresponds to a signal transmitted through a
neuron. Dependencies between concepts and their importance are represented
by weighted node connections. Similarly to the feedforward NN, operations can
be performed from bottom to top. They can correspond to the following goals:
Construction of compound concepts from the elementary ones. It can
be observed in case-based reasoning [4], layered learning [9], as well as rough
mereology [6] and rough neurocomputing [5], where we approximate target concepts step by step, using the simpler ones that are easier to learn from data.
Construction of simple concepts from the advanced ones. It can be considered for the synthesis of classiﬁers, where we start from compound concepts
reﬂecting the behavior of a given object with respect to particular, often compound classiﬁcation systems, and we tend to obtain a very simple concept of
a decision class where that object should belong to. This corresponds to the
instantiation of general concept in a simpler, more specialized concept.
The above are not the only possible types of constructions. In a classiﬁcation problem, decision classes can have a compound semantics requiring gradual
speciﬁcation corresponding to the ﬁrst type of construction. When considering
hierarchical structures at the general level one has to make choices with respect
to homogeneity and synchronization:
Homogeneous vs. heterogeneous. At each level of hierarchy we make choice
of the concept space to be used. In the simplest case each node implements the
same type of mapping. The nodes diﬀer only by choice of parameters [8]. First
step towards heterogeneity is by permitting diﬀerent types of concepts to be used
at various levels in hierarchy, but retaining any single layer uniform (the layered
learning model [9]). Finally, we may remove all restrictions on the uniformity of
the neighboring nodes; such structure is more general but harder to control.
Synchronous vs. asynchronous. This issue is concerned with the layout of
connections between nodes. If it has easily recognizable layered structure we
regard it to be synchronized. If we permit the connections to be established
on less restrictive basis, the synchronization is lost. Then, the nodes from nonconsecutive levels may interact and the whole idea of simple-to-compound precedence of concepts becomes less usable. Restricting ourselves to the two easier
architectures, we can consider the following notion concerning feedforward networks transmitting the concepts:
Deﬁnition 1. By a hierarchical concept scheme we mean a tuple (C, MAP).
C = {C1 , . . . , Cn , C} is a collection of the concept spaces, where C is called the
target concept space. The concept mappings MAP = {mapi : Ci → Ci+1 : i = 1,
. . . , n, Cn+1 = C} are the functions linking consecutive concept spaces.
Any classiﬁer network corresponds to (C, MAP), i.e. each i-th layer provides
us with the elements of Ci . In case of total homogeneity, we have Ci = C and
mapi = identity. For partly homogeneous case the mappings may be nontrivial.
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Following the structure of feedforward neural network, the inputs to each
next layer are linear combinations of the concepts from the previous one. In
general, we cannot apply the traditional deﬁnition of a linear combination.
Deﬁnition 2. Feedforward concept scheme is a triple (C, MAP, LIN ), where
LIN = {lini : 2Ci ×Wi → Ci : i = 1, . . . , n} deﬁnes generalized linear combinations over the concept spaces Ci . For any i = 1, . . . , n, Wi denotes the space
of the combination parameters. If Wi is a partial or total ordering, then we
interpret its elements as weights reﬂecting the relative importance of particular
concepts in construction of the resulting concept.
Let us denote by m(i) ∈ N the number of nodes in the i-th network layer. For
any i = 1, . . . , n, the nodes from the i-th and (i + 1)-th layers are connected
j(i)
by the links labeled with parameters wj(i+1) ∈ Wi , for j(i) = 1, . . . , m(i) and
m(i)

∈ Ci
j(i + 1) = 1, . . . , m(i + 1). For any collection of the concepts c1i , . . . , ci
occurring as the outputs of the i-th network’s layer in a given situation, the
input to the j(i + 1)-th node in the (i + 1)-th layer takes the following form:




j(i+1)
j(i)
j(i)
ci , wj(i+1) : j(i) = 1, . . . , m(i)
(1)
ci+1 = mapi lini
Consider the case of Fig. 1a, where mapi and lini are stated separately. Paj(i)
rameters wj(i+1) could be also used directly in a generalized concept mapping
genmapi : 2Ci ×Wi → Ci+1 as in ﬁgure 1b. These two possibilities reﬂect construction tendencies described in Section 2. Function genmapi can be applied
to construction of more compound concepts parameterized by the elements of
Wi , while the usage of Deﬁnitions 1 and 2 results rather in potential syntactical
simpliﬁcation of the new concepts.

3

Weighted Compound Concepts

Beginning with the input layer of the network, we expect it to provide the
m(1)
∈ C1 , which will be then transmitted towards the
concepts-signals c11 , . . . , c1
target layer using (1). If we learn the network related directly to real-valued
training sample, then we get C1 = R, lini can be deﬁned as classical linear
combination (with Wi = R), and mapi as identity.
Example 1. [8] Let us assume that the input layer nodes correspond to various
classiﬁers and the task is to combine them within a general system, which synthesizes the input classiﬁcations in an optimal way. For any object, each input
classiﬁer induces possibly incomplete vector of beliefs in the object’s membership to decision classes. Let DEC denote the set of decision classes speciﬁed for
a given classiﬁcation problem. By the weighted decision space W DEC we mean
the family of subsets of DEC with elements labeled by their beliefs. Any weighted
decision µ
 = {(k, µk ) : k ∈ Xµ , µk ∈ R} corresponds to a subset Xµ ⊆ DEC of
decision classes for which the beliefs µk ∈ R are known.
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Example 2. Let DESC denote the family of logical descriptions, which can be
used to deﬁne rough-set-based decision rules for a given classiﬁcation problem
[10]. Every rule is labeled with its description αrule ∈ DESC and decision
information, which takes – in the most general framework – the form of µ
rule ∈
W DEC. For a new object, we measure its degree of satisfaction of the rule’s
description (usually zero-one), combine it with the number of training objects
satisfying αrule , and come out with the number apprule ∈ R expressing the level
of rule’s applicability to this object. As a result, by the decision rule set space
RU LS we mean the family of all sets of elements of DESC labeled by weighted
decision sets and the degrees of applicability.
Deﬁnition 3. By a weighted compound concept space C we mean a space of
collections of sub-concepts from some sub-concept
 space S, labeled with the concept parameters from a given space V , i.e., C = X⊆S {(s, vs ) : s ∈ X, vs ∈ V }.
For a given c = {(s, vs ) : s ∈ Xc , vs ∈ V }, where Xc ⊆ S is the range of c,
parameters vs ∈ V reﬂect relative importance of sub-concepts s ∈ Xc within ci .

cij+(1i +1) = mapi o lini

cij+(1i +1) = genmapi

C i +1
Ci

lini
1
j (i +1)

w

c

1
i

w jj((ii+)1)

c i j (i )

w

m (i )
j (i +1)

cim (i )
a.

w1j (i +1)
j (i )
C i +1 w j (i +1)

Ci
ci1

c i j (i )

w mj ((ii+)1)

cim (i )
b.

Fig. 1. Production of new concepts in consecutive layers.

Just like in case of combination parameters Wi in Deﬁnition 2, we can assume
a partial or total ordering over the concept parameters.
Deﬁnition 4. Let the i-th network layer correspond to the weighted compound
concept space Ci based on sub-concept space Si and parameters Vi = R. Consider
the j(i + 1)-th node in the next layer. We deﬁne its input as follows:



j(i)
j(i)
ci , wj(i+1) : j(i) = 1, . . . , m(i)
=
lini
 


(2)
m(i)
j(i)
j(i)
=
s, j(i):s∈Xj(i) wj(i+1) vs
: s ∈ j(i)=1 Xj(i)
where Xj(i) ⊆ Si is simpliﬁed notation for the range of the weighted compound
j(i)
j(i)
j(i)
concept ci and vs ∈ R denotes the importance of sub-concept s ∈ Si in ci .
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Formula (2) can be applied both to W DEC and RU LS. In case of W DEC, the

j(i)
j(i)
sub-concept space equals to DEC. The sum j(i):s∈Xj(i) wj(i+1) vs gathers the
weighted beliefs of the previous layer’s nodes in the given decision class s ∈ DEC.
In the case of RU LS we do the same with the weighted applicability degrees for
the elements-rules belonging to the sub-concept space DESC × W DEC.

4

Activation Functions

In rule-based classiﬁer network, we initiate the input layer with the degrees of
applicability of the rules in particular rule-sets to a new object. After processing
with these type of concept along (possibly) several layers, we use the concept
mapping function
 



map(ruls) =
k, (α,µ,app)∈ruls:k∈Xµ app · µk : k ∈ (α,µ,app)∈ruls Xµ (3)
that is we simply summarize the beliefs (weighted by the rules’ applicability) in
particular decision classes. Similarly, we ﬁnally map the weighted decision to the
decision class, which is assigned with the highest resulting belief.
The intermediate layers are designed to help in voting among the classiﬁcation results obtained from particular rule sets. Traditional rough set approach
assumes speciﬁcation of a ﬁxed voting function, which – in our terminology –
would correspond to the direct concept mapping from the ﬁrst RU LS layer into
DEC, with no hidden layers and without possibility of tuning the weights of
connections. An improved adaptive approach [10] enables us to adjust the rule
sets, but the voting scheme is still ﬁxed. The new method provides us with a
framework for tuning the weights and learning adaptively the voting formula.
Still, the scheme based only on generalized linear combinations and concept
mappings is not adjustable enough. The reader may check that composition of
functions (2) for elements of RU LS and W DEC with (3) results in the collapsed
single-layer structure corresponding to the most basic weighted voting among
decision rules. This is exactly what happens with classical feedforward neural
network models with linear activation functions.
Deﬁnition 5. Neural concept scheme is a quadruple (C, MAP, LIN , ACT ),
where the ﬁrst three entities are provided by Deﬁnitions 1, 2, and ACT =
{acti : Ci → Ci : i = 2, . . . , n + 1} is the set of activation functions, which can
be used to relate the inputs to the outputs within each i-th layer of a network.
It is reasonable to assume a kind of monotonicity of ACT (a relative importance
of parts of concept remains roughly unchanged). It is expressible for weighted
compound concepts introduced in Deﬁnition 3. Given a concept ci ∈ Ci represented as the weighted collection of sub-concepts, we claim that its more important (better weighted) sub-concepts should keep more inﬂuence on the concept
acti (ci ) ∈ Ci than the others. In [8] we introduced
sigmoidal activation
function,




α
α·vs
α·vt
: (t, vt ) ∈ c
which can be generalized as actC (c) =
s, e
/ (t,vt )∈c e
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(see [7]). By composition of lini and mapi with functions actα
i+1 modifying the
concepts within the entire nodes, we obtain a classiﬁcation model with a satisﬁable expressive and adaptive power. If we apply this kind of function to the
rule sets, we modify the rules’ applicability degrees by their internal comparison. Such performance cannot be obtained using the classical neural networks
with the nodes assigned to every single rule. Moreover, the decision rules which
inhibit inﬂuence of other rules (so called exceptions) can be easily achieved by
negative weights and proper activation functions.

5

Learning in Classiﬁer Networks

The proper choice of connection weights in the network can be learned similarly to backpropagation technique for neural networks. Backpropagation is a
method for reducing the global error of a network by performing local changes
in weights’ values. The key issue is to have a method for dispatching the value
of the network’s global error functional among the nodes [3]. This method, when
shaped in the form of an algorithm, should provide the direction of the weight
update vector, which is then applied according to the learning coeﬃcient (see [2]
for classical setting). In the more complicated models which we are dealing with,
the idea of backpropagation transfers into the demand for a general method of
establishing weight updates. This method should comply to the general principles postulated for the rough-neural models [5, 6, 10]. Namely, the algorithm for
the weight updates should provide a certain form of mutual monotonicity i.e.
small and local changes in weights should not rapidly divert the behavior of the
whole scheme and, at the same time, a small overall network error should result
in merely cosmetic changes in the weight vectors.
We do not claim to have discovered the general principle for constructing backpropagation-like algorithms for classiﬁer networks. In [8] we have been
able to construct generalization of gradient-based method for the homogeneous
schemes based on the weighted decision concept space W DEC. The step to
partly homogeneous schemes is natural for the class of weighted compound concepts, which can be processed using the same type of activation function.

6

Conclusions

Although we have some experience with neural networks transmitting non-trivial
concepts [8], this is deﬁnitely the very beginning of more general theoretical
studies. The most emerging issue is the extension of the proposed framework onto
more advanced structures than the introduced weighted compound concepts,
without losing a general interpretation of monotonic activation functions, as
well as relaxation of some quite limiting mathematical requirements. We are
going to challenge these problems in further works.
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7. Ślȩzak, D.: Normalized decision functions and measures for inconsistent decision
tables analysis. Fundamenta Informaticae 44/3 (2000) pp. 291–319.
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