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Abstract. We present a rough set approach to vague concept approximation. Approximation spaces used for concept approximation have been
initially deﬁned on samples of objects (decision tables) representing partial information about concepts. Such approximation spaces deﬁned on
samples are next inductively extended on the whole object universe. This
makes it possible to deﬁne the concept approximation on extensions of
samples. We discuss the role of inductive extensions of approximation
spaces in searching for concept approximation. However, searching for
relevant inductive extensions of approximation spaces deﬁned on samples
is infeasible for compound concepts. We outline an approach making this
searching feasible by using a concept ontology speciﬁed by domain knowledge and its approximation. We also extend this approach to a framework
for adaptive approximation of vague concepts by agents interacting with
environments. This paper realizes a step toward approximate reasoning
in multiagent systems (MAS), intelligent systems, and complex dynamic
systems (CAS).
Keywords: Vagueness, rough sets, approximation space, higher order
vagueness, adaptive learning, incremental learning, reinforcement learning, constraints, intelligent systems.
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Introduction

In this paper, we discuss the rough set approach to vague concept approximation. There has been a long debate in philosophy about vague concepts [18].
J.F. Peters and A. Skowron (Eds.): Transactions on Rough Sets V, LNCS 4100, pp. 39–62, 2006.
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Nowadays, computer scientists are also interested in vague (imprecise) concepts,
e.g, many intelligent systems should satisfy some constraints speciﬁed by vague
concepts. Hence, the problem of vague concept approximation as well as preserving vague dependencies especially in dynamically changing environments is
important for such systems. Lotﬁ Zadeh [66] introduced a very successful approach to vagueness. In this approach, sets are deﬁned by partial membership
in contrast to crisp membership used in the classical deﬁnition of a set. Rough
set theory [32] expresses vagueness not by means of membership but by employing the boundary region of a set. If the boundary region of a set is empty it
means that a particular set is crisp, otherwise the set is rough (inexact). The
non-empty boundary region of the set means that our knowledge about the set is
not suﬃcient to deﬁne the set precisely. In this paper, some consequences on understanding of vague concepts caused by inductive extensions of approximation
spaces and adaptive concept learning are presented. A discussion on vagueness
in the context of fuzzy sets and rough sets can be found in [40].
Initially, the approximation spaces were introduced for decision tables (samples of objects). The assumption was made that the partial information about
objects is given by values of attributes and on the basis of such information
about objects the approximations of subsets of objects form the universe restricted to sample have been deﬁned [32]. Starting, at least, from the early
90s, many researchers have been using the rough set approach for constructing classiﬁcation algorithms (classiﬁers) deﬁned over extensions of samples. This
is based on the assumption that available information about concepts is partial.
In recent years, there have been attempts based on approximation spaces and
operations on approximation spaces for developing an approach to approximation of concepts over the extensions of samples (see, e.g., [48,50,51,56]). In this
paper, we follow this approach and we show that the basic operations related
to approximation of concepts on extension of samples are inductive extensions
of approximation spaces. For illustration of the approach we use approximation
spaces deﬁned in [47]. Among the basic components of approximation spaces
are neighborhoods of objects deﬁned by the available information about objects
and rough inclusion functions between sets of objects. Observe that searching
for relevant (for approximation of concepts) extensions of approximation spaces
requires tuning many more parameters than in the case of approximation of
concepts on samples. The important conclusion from our considerations is that
the inductive extensions used in constructing of algorithms (classiﬁers) are deﬁned by arguments “for” and “against” of concepts. Each argument is deﬁned
by a tuple consisting of a degree of inclusion of objects into a pattern and a
degree of inclusion of the pattern into the concepts. Patterns in the case of rulebased classiﬁers can be interpreted as the left hand sides of decision rules. The
arguments are discovered from available data and can be treated as the basic
information granules used in the concept approximation process. For any new
object, it is possible to check the satisﬁability of arguments and select arguments
satisﬁed to a satisfactory degree. Such selected arguments are fused by conﬂict
resolution strategies for obtaining the classiﬁcation decision. Searching for rel-
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evant approximation spaces in the case of approximations over extensions of
samples requires discovery of many parameters and patterns including selection
of relevant attributes deﬁning information about objects, discovery of relevant
patterns for approximated concepts, selection of measures (similarity or closeness) of objects into discovered patters for concepts, structure and parameters
of conﬂict resolution strategy. This causes that in the case of more compound
concepts the searching process becomes infeasible (see, e.g., [6,63]). We propose
to use as hints in the searching for relevant approximation spaces for compound
concepts an additional domain knowledge making it possible to approximate
such concepts. This additional knowledge is represented by a concept ontology
[3,4,5,26,27,28,45,46,48,49,57] including concepts expressed in natural language
and some dependencies between them. We assume that the ontology of concept
has a hierarchical structure. Moreover, we assume that for each concept from
ontology there is given a labelled set of examples of objects. The labels show
the membership for objects relative to the approximated concepts. The aim is
to discover the relevant conditional attributes for concepts on diﬀerent levels of
a hierarchy. Such attributes can be constructed using the so-called production
rules, productions, and approximate reasoning schemes (AR schemes, for short)
discovered from data (see, e.g. [3,4,5,26,27,28,45,46,48,49,57])). The searching
for relevant arguments “for” and “against” for more compound concepts can be
simpliﬁed because using domain knowledge.
Notice, that the searching process for relevant approximation spaces is driven
by some selected quality measures. While in some learning problems such measures can be selected in a relatively easy way and remain unchanged during
learning in other learning processes they can be only approximated on the basis of a partial information about such measures, e.g., received as the result of
interaction with the environment. This case concerns, e.g., adaptive learning.
We discuss the process of searching for relevant approximation spaces in diﬀerent tasks of adaptive learning [1,7,12,15,21,22,24,58]. In particular, we present
illustrative examples of adaptation of observation to the agent’s scheme, incremental learning, reinforcement learning, and adaptive planning. Our discussion
is presented in the framework of multiagent systems (MAS). The main conclusion is that the approximation of concepts in adaptive learning requires much
more advanced methods. We suggest that this approach can be also based on
approximation of ontology. In adaptive learning, the approximation of concepts
is constructed gradually and the temporary approximations are changing dynamically in the learning process in which we are trying to achieve the approximation of the relevant quality. This, in particular, causes, e.g., boundary regions
to change dynamically during the learning process in which we are attempting to
ﬁnd the relevant approximation of the boundary regions of approximated vague
concepts. This is consistent with the requirement of the higher order vagueness
[18] stating that the borderline cases of vague concepts are not crisp sets. In
Sect. 5, we point out some consequences of this fact for further research on the
rough set logic.
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This paper is an extension and continuation of several papers (see, e.g.,
[3,4,5,26,27,28,44,45,46,48,49,50,56]) on approximation spaces and vague concept
approximation processes. In particular, we discuss here a problem of adaptive
learning of concept approximation. In this case, we are also searching for relevant approximation of the quality approximation measure. In a given step of the
learning process, we have only a partial information about such a measure. On
the basis of this information we construct its approximation and we use it for
inducing approximation spaces relevant for concept approximation. However, in
the next stages of the learning process, it may happen that after receiving new
information form the environment, it is necessary to reconstruct the approximation of the quality measure and in this way we obtain a new “driving force” in
searching for relevant approximation spaces during the learning process.
This paper is organized as follows. In Section 2, we discuss inductive extensions of approximation spaces. We emphasize the role of discovery of special
patterns and the so called arguments in inductive extensions. In Section 3, the
role of approximation spaces in hierarchical learning is presented. Section 3,
outlines and approach based on approximation spaces in adaptive learning. In
Sect. 5 (Conclusions), we summarize the discussion presented in the paper and
we present some further research directions based on approximation spaces to
approximate reasoning in multiagent systems and complex adaptive systems.

2

Approximation Spaces and Their Inductive Extensions

In [32], any approximation space is deﬁned as a pair (U, R), where U is a universe
of objects and R ⊆ U × U is an indiscernibility relation deﬁned by an attribute
set.
The lower approximation, the upper approximation and the boundary region
are deﬁned as crisp sets. It means that the higher order vagueness condition is
not satisﬁed [18]. We will return to this issue in Section 4.
We use the deﬁnition of approximation space introduced in [47]. Any approximation space is a tuple AS = (U, I, ν), where U is the universe of objects, I
is an uncertainty function, and ν is a measure of inclusion called the inclusion
function, generalized in rough mereology to the rough inclusion [47,51].
In this section, we consider the problem of approximation of concepts over
a universe U ∗ , i.e., subsets of U ∗ . We assume that the concepts are perceived
only through some subsets of U ∗ , called samples. This is a typical situation in
machine learning, pattern recognition, or data mining [10]. In this section we
explain the rough set approach to induction of concept approximations. The
approach is based on inductive extension of approximation spaces.
Now we will discuss in more detail the approach presented in [50,51]. Let
U ⊆ U ∗ be a ﬁnite sample and let CU = C ∩U for any concept C ⊆ U ∗ . Let AS =
(U, I, ν) be an approximation space over the sample U . The problem we consider
is how to extend the approximations of CU deﬁned by AS to approximation of C
over U ∗ . We show that the problem can be described as searching for an extension
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AS ∗ = (U ∗ , I ∗ , ν ∗ ) of the approximation space AS relevant for approximation of
C. This requires showing how to induce values of the extended inclusion function
to relevant subsets of U ∗ that are suitable for the approximation of C. Observe
that for the approximation of C, it is enough to induce the necessary values of
the inclusion function ν ∗ without knowing the exact value of I ∗ (x) ⊆ U ∗ for
x ∈ U ∗.
We consider an example for rule-based classiﬁers1. However, the analogous
considerations for k-NN classiﬁers, feed-forward neural networks, and hierarchical classiﬁers [10] show that their construction is based on the inductive extension
of inclusion function [51,44].
Usually, neighborhoods of objects in approximation spaces are deﬁned by
some formulas called patterns. Let us consider an example. Let AS ∗ be a given
approximation space over U ∗ and let us consider a language L of patterns, where
x denotes an object from U ∗ . In the case of rule-based classiﬁers, patterns are
deﬁned by feature value 
vectors. More precisely, in this case any pattern pat(x)
is deﬁned by a formula {(a, a(x)) : a ∈ A and va ∈ Va }, where
 A is a given
set of condition attributes [32]. An object u ∈ U ∗ is satisfying {(a, a(x)) : a ∈
A and v ∈ Va } if a(u) = a(x) for any a ∈ A, i.e., if and only if x, u are Aindiscernible [32]. The set of objects satisfying pat(x) in U ∗ , i.e., the semantics
of pat(x) in U ∗ , is denoted by pat(x)U ∗ . Hence, pat(x)U ∗ = [x]A where
[x]A is the A-indiscernibility class of x ∈ U ∗ [32]. By pat(x)U we denote the
restriction of pat(x) to U ⊆ U ∗ , i.e., the set pat(x) ∩ U . In the considered
case, we assume that any neighborhood I(x) ⊆ U in AS is expressible by a
pattern pat(x). It means that I(x) = pat(x)U ⊆ U , where pat(x)U denotes
the meaning of pat(x) restricted to the sample U .
We assume that for any object x ∈ U ∗ , only partial information about x
(resulting, e.g., from a sensor measurement) represented by a pattern pat(x) ∈
L with semantics pat(x)U ∗ ⊆ U ∗ deﬁning the neighborhood of x in U ∗ is
available. Moreover, only partial information such as pat(x)U is available about
this set. In particular, relationships between information granules over U ∗ , e.g.,
pat(x)U ∗ and pat(y)U ∗ , for diﬀerent x, y ∈ U ∗ , are known, in general, only
to a degree estimated by using relationships between the restrictions of these
sets to the sample U , i.e., between sets pat(x)U ∗ ∩ U and pat(y)U ∗ ∩ U .
The set {pat(x) : x ∈ U } of patterns (deﬁned by the whole set of attributes
A from from an approximation space AS) is usually not relevant for approximation of the concept C ⊆ U ∗ . Such patterns can be too speciﬁc or not general
enough, and can directly be applied only to a very limited number of new sample
elements. For example, for a new object x ∈ U ∗ \ U the set pat(x)U can be
empty.
However, by using some generalization strategies, one can induce from patterns belonging to {pat(x) : x ∈ U } some new patterns that are relevant for
approximation of concepts over U ∗ .
1

For simplicity of reasoning we consider only binary classiﬁers, i.e. classiﬁers with two
decision classes. One can easily extend the approach to the case of classiﬁers with
more decision classes.
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Usually, ﬁrst we deﬁne a new set P AT of patterns, which are candidates
for relevant approximation of a given concept C. A typical example of the set of
such patterns used in the case of rule based classiﬁers can be deﬁned by dropping
some
 descriptors from patterns constructed over the whole set of attributes, i.e.,
{ {(a, a(x)) : a ∈ B and va ∈ Va } : B ⊆ A and x ∈ U }. Among such patterns
we search for the left hand sides of decision rules.
The set P AT T ERN S(AS, L, C) can be selected from P AT using some quality
measures evaluated on meanings (semantics) of patterns from this set restricted
to the sample U . Often such measures are based on the numbers of examples
from the concept CU and its complement that support (satisfy) a given pattern.
For example, if the conﬁdence coeﬃcient
card(patU ∩ CU )
,
card(patU )

(1)

where pat ∈ P AT , is at least equal to a given threshold and the support
card(patU ∩ CU )
,
card(U )

(2)

is also at least equal to a given threshold than we select pat as a member of
P AT T ERN S(AS, L, C).
Next, on the basis of some properties of sets deﬁnable by patterns from
P AT T ERN S(AS, L, C) over U , we induce approximate values of the inclusion
function ν ∗ (X, C) on subsets of X ⊆ U ∗ deﬁnable by any such pattern and the
concept C. For example, we assume that the value of the conﬁdence coeﬃcient
is not changing signiﬁcantly if we move from U to U ∗ , i.e.,
card(patU ∗ ∩ C)
card(patU ∩ CU )
≈
,
card(patU )
card(patU ∗ )

(3)

Next, we induce the value of ν ∗ on pairs (X, Y ) where X ⊆ U ∗ is deﬁnby a
able by a pattern from {pat(x) : x ∈ U ∗ } and Y ⊆ U ∗ is deﬁnable

pattern from P AT T ERN S(AS, L, C). For example, if pat(x) = {(a, a(x)) :
a ∈ A and va ∈ Va } and pat is obtained from pat(x) by dropping some conjuncts then ν ∗ (pat(x)U ∗ , pat)U ∗ ) = 1 because pat(x)U ∗ ⊆ patU ∗ . In
a more general case, one can estimate the degree of inclusion of pat(x)U ∗
into patU ∗ using some similarity degrees deﬁned between formulas from P AT
and P AT T ERN S(AS, L, C). For example, one can assume that the values of
attributes on x which occur in pat are not necessarily the same but similar.
Certainly, such a similarity should be also deﬁned or learned from data.
Finally, for any object x ∈ U ∗ \ U we induce the degree ν ∗ (pat(x)U ∗ , C)
applying a conﬂict resolution strategy Conf lict res (e.g., a voting strategy) to
the family of tuples:
{(ν ∗ (pat(x)U ∗ , patU ∗ ), pat, ν ∗ (patU ∗ , C)) : pat ∈ P AT T ERN S(AS, L, C)}.
(4)
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Let us observe that conﬂicts can occur due to inductive reasoning in estimation
of values of ν ∗ . For some x ∈ U ∗ and pat, pat ∈ P AT T ERN S(AS, L, C) the
values ν ∗ (pat(x)U ∗ , patU ∗ ), ν ∗ (pat(x)U ∗ , pat U ∗ ) can be both large (i.e.,
close to 1) and at the same time the value ν ∗ (patU ∗ , C) can be small (i.e., close
to 0) and the value of ν ∗ (pat U ∗ , C) can be large.
Values of the inclusion function for the remaining subsets of U ∗ can be chosen
in any way – they do not have any impact on the approximations of C. Moreover,
observe that for the approximation of C we do not need to know the exact values
of uncertainty function I ∗ – it is enough to induce the values of the inclusion
function ν ∗ . The deﬁned extension ν ∗ of ν to some subsets of U ∗ makes it possible
to deﬁne an approximation of the concept C in a new approximation space AS ∗ .
To reduce the number of conditions from (4) one can use the so called arguments “for” and “against” discussed, e.g., in [49].
Any C-argument, where C ⊆ U ∗ is a concept is a triple
(, pat,  )

(5)

where ,  ∈ [0, 1] are degrees and pat is a pattern from P AT T ERN S(AS, L, C).
The argument arg = (ε, pat, ε ) is satisﬁed by a given object x ∈ U ∗ , in
symbols x |=C arg, if and only if the following conditions are satisﬁed:
ν ∗ (pat(x)U ∗ , patU ∗ ) ≥ ε;

(6)

ν ∗ (patU ∗ , C) ≥ ε .
The idea of C-arguments is illustrated in Figure 1.

ε

ε'
pat

C

Fig. 1. C-argument

Instead of all conditions from (4) only some arguments “for” and “against”
C are selected and the conﬂict resolution strategy is based on them. For any
new object the strategy resolves conﬂicts between selected arguments “for” and
“against” C which are satisﬁed by the object.
The very simple strategy for selection of arguments is the following one. The
C-argument arg = (ε, pat, ε ) is called the argument “for” C if ε ≥ t and ε ≥ t ,
where t, t > 0.5 are given thresholds. The argument arg is “against” C, if this
argument is the argument for the complement of C, i.e., for U ∗ \ C. However,
in general, this may be not relevant method and the relevant arguments should
be selected on the basis of more advanced quality measures. They can take into

46

J. Bazan, A. Skowron, and R. Swiniarski

account, e.g., the support of patterns in arguments (see Section 4.1), their coverage, independence from other arguments, or relevance in searching for arguments
used for approximation of more compound concepts in hierarchical learning.
One can deﬁne the lower approximation and upper approximation of the concept C ⊆ U ∗ in the approximation space AS ∗ by
LOW (AS ∗ , C) = {x ∈ U ∗ : ν ∗ (I ∗ (x), C) = 1},
∗

∗

∗

(7)

∗

U P P (AS , C) = {x ∈ U : ν (I (x), C) > 0}.
From the deﬁnition, in the case of standard rough inclusion [48], we have:
LOW (AS ∗ , C) ∩ U ⊆ C ∩ U ⊆ U P P (AS ∗ , C) ∩ U.

(8)

However, in general the following equalities do not hold:
LOW (AS, C ∩ U ) = LOW (AS ∗ , C) ∩ U,
U P P (AS, C ∩ U ) = U P P (AS ∗ , C) ∩ U.

(9)

One can check that in the case of standard rough inclusion [48] we have:
LOW (AS, C ∩ U ) ⊇ LOW (AS ∗ , C) ∩ U,

(10)

∗

U P P (AS, C ∩ U ) ⊆ U P P (AS , C) ∩ U.
Following the minimal length principle [41,42,52] some parameters of the induced approximation spaces are tuned to obtain a proper balance between the
description length of the classiﬁer and its consistency degree. The consistency
degree on a given sample U of data can be represented by degrees to which the
sets deﬁned in equalities (9) are close. The description length is measured by
description complexity of the classiﬁer representation. Among parameters which
are tuned are attribute sets used in the classiﬁer construction, degrees of inclusion of patterns deﬁned by objects to the left hand sides of decision rules, degrees
of inclusion of patterns representing the left hand sides of decision rules in the
decision classes, the speciﬁcity or support of these patterns, parameters of the
conﬂict resolution strategy (e.g., set of arguments and parameters of arguments).
We can summarize our considerations in this section as follows. The inductive extensions of approximation spaces are basic operations on approximation
spaces in searching for relevant approximation spaces for concept approximation. The approximation of concepts over U ∗ is based on searching for relevant
approximation spaces AS ∗ in the set of approximation spaces deﬁned by inductive extensions of a given approximation space AS. For any object x ∈ U ∗ \ U ,
the value ν ∗ (I ∗ (x), C) of the induced inclusion function ν ∗ is deﬁned by conﬂict
resolution strategy from collected arguments for classifying x to C and from
collected arguments against classifying x to C.

3

Approximation Spaces in Hierarchical Learning

The methodology for approximation spaces extension presented in Section 2 is
widely used for construction of rule based classiﬁers. However, this methodology
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cannot be directly used for concepts that are compound because of problems
with inducing of the relevant set P AT T ERN S(AS, L, C) of patterns. For such
compound concepts, hierarchical learning methods have been developed (see,
e.g., [2,3,4,5,26,27,28,45,46,48,49,57]).
We assume that domain knowledge is available about concepts. There is given
a hierarchy of concepts and dependencies between them creating the so-called
concept ontology. Only partial information is available about concepts in the
hierarchy.
For concepts from the lowest level of hierarchy, decision tables with condition
attributes representing sensory measurements are given. Classiﬁers for these concepts are induced (constructed) from such decision tables. Assuming that classiﬁers have been induced for concepts from some level l of the hierarchy, we are
aiming at inducing classiﬁers for concepts on the next l + 1 level of the hierarchy.
It is assumed that for concepts on higher levels there are given samples of objects with information about their membership values relative to the concepts.
The relevant patterns for approximation of concepts from the l + 1 level are
discovered using (i) these decision tables, (ii) information about dependencies
linking concepts from the level l + 1 with concepts from the level l, and (iii) patterns discovered for approximation of concepts from the level l of the hierarchy.
Such patterns deﬁne condition attributes (e.g., by the characteristic functions of
patterns) in decision tables. Next, using the condition attributes approximation
of concepts are induced. In this way, also, the neighborhoods for objects on the
level l + 1 are deﬁned. Observe also that the structure of objects on the higher
level l + 1 is deﬁned by means of their parts from the level l. In this section,
for simplicity of reasoning, we assume that on each level the same objects are
considered. To this end, we also assume that rough inclusion functions from
approximation spaces are standard rough inclusion functions [48].
Now we outline a method of construction of patterns used for approximation of concepts from a given level of concept hierarchy by patterns used for
approximation of concepts belonging to the lower level of the hierarchy.
This approach has been elaborated in a number of papers cited above, in
particular in [49]. Assume that a concept C belongs to a level l + 1 of the
hierarchy. We outline the idea of searching for sets P AT T ERN S(AS, L, C) of
patterns for a concept C, where AS is an approximation space discovered for
approximation of the concept C and L is a language in which discovered patterns
are expressed.
To illustrate this idea, let us consider and example of a dependency for a
concept C from domain knwoledge:
if C1 and C2 then C,

(11)

where C1 , C2 , C are vague concepts. Analogously, let us consider a dependency
for the complement of C:
if C1 and C2 then ¬C.

(12)

In general, we should consider a set with many dependencies with diﬀerent
concepts on the right hand sides of dependencies (creating, e.g., a partition of
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the universe) and in the process of generating arguments “for” and “against” a
selected concept C are involved other vague dependencies from the given set. Let
us recall that such a set of concepts and dependencies between them is speciﬁed
in a given domain knowledge.
To approximate the target concept C, relevant patterns for C and ¬C should
be derived. The main idea is presented in Figure 2 and Figure 3. We assume
that for any considered concept and for each pattern selected for this concept a
degree of its inclusion into the concept can be estimated.
In Figure 2 it is shown that for patterns pat1 , pat2 (e.g., left hand sides of
decision rules in case of a rule based classiﬁers) for (or against) C1 and C2 and
their inclusion degrees 1 and 2 into C1 and C2 , respectively, it is constructed
a pattern pat for (or against) C together with estimation of its inclusion degree
 to the concept C.

ε
pat

C

ε1

ε2

C1

pat1

pat 2

C2

Fig. 2. An illustration of pattern construction

ε

ε'
pat

ε1

ε2

C

ε
pat1

C1

'
1

ε 2'
pat 2

Fig. 3. An illustration of production rule

C2
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Figure 3 represents a construction of the target argument (, pat,  ) for C
from arguments (1 , pat1 , 1 ) and (2 , pat2 , 2 ) for C1 and C2 , respectively. Such
a construction
if (1 , pat1 , 1 ) and (2 , pat2 , 2 ) then (, pat,  )

(13)

is called a production rule for the dependency (11). This production rule is true
at a given object x if and only if the following implication holds:
if x |=C1 (1 , pat1 , 1 ) and x |=C2 (2 , pat2 , 2 ) then x |=C (, pat,  ).

(14)

Certainly, it is necessary to search for production rules of the high quality
(with respect to some measures) making it possible to construct “strong” arguments in the conclusion of the production from “strong” arguments in the
premisses of the production rule. The quality of arguments is deﬁned by means
of relevant degrees of inclusion in these arguments and properties of patterns
(such as support or description length).
The quality of arguments for concepts from the level l + 1 can be estimated
on the basis properties of arguments for the concepts from the level l from which
these arguments have been constructed. In this estimation are used decision tables delivered by domain experts. Such decision tables consist of objects with
decision values equal to the membership degrees of objects relative to the concept or to its complement. In searching for productions of high quality, we use
operations called constrained sums (see, e.g., [55]). Using these operations there
are performed joins of information systems representing patterns appearing in
arguments from the premise of production. The join is parameterized by constraints helping by tuning these parameters to ﬁlter the relevant objects from
composition of patterns used for constructing a pattern for the concept C on
the level l + 1 for the argument in the conclusion of the production rule. Moreover, the production rules may be composed into the so called approximation
reasoning schemes (AR schemes, for short). This makes it possible to generate
patterns for approximation of concepts on the higher level of the hierarchy (see,
e.g., [2,3,4,5,26,27,28,46,49]). In this way one can induce gradually for any concept C in the hierarchy a relevant set of arguments (based on the relevant set of
patterns P AT T ERN S(AS, L, C) of patterns; see Section 3) for approximation
of C.
We have recognized that for a given concept C ⊆ U ∗ and any object x ∈ U ∗ ,
instead of crisp decision about the relationship of I ∗ (x) and C, we can gather
some arguments for and against it only. Next, it is necessary to induce from such
arguments the value ν ∗ (I(x), C) using some strategies making it possible to resolve conﬂicts between those arguments [10,48]. Usually some general principles
are used such as the minimal length principle [10] in searching for algorithms
computing an extension ν ∗ (I(x), C). However, often the approximated concept
over U ∗ \ U is too compound to be induced directly from ν(I(x), C). This is
the reason that the existing learning methods are not satisfactory for inducing
high quality concept approximations in case of complex concepts [63]. There
have been several attempts trying to omit this drawback. In this section we have
discussed the approach based on hierarchical (layered) learning [57].
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There are some other issues which should be discussed in approximation of
compound vague concepts. Among them are issues related to adaptive learning
and construction or reconstruction of approximation spaces in interaction with
environments. In the following section, we consider an agent learning some concepts. This agent is learning the concepts in interaction with the environments.
Diﬀerent types of interaction are deﬁning diﬀerent types of adaptive learning
processes. In particular one can distinguish incremental learning [13,23,61,65], reinforcement learning [9,14,17,34,39,60], competitive or cooperative learning [15].
There are several issues, important for adaptive learning that should be mentioned. For example, the compound target concept which we attempt to learn
can gradually change over time and this concept drift is a natural extension for
incremental learning systems toward adaptive systems. In adaptive learning it
is important not only what we learn but also how we learn, how we measure
changes in a distributed environment and induce from them adaptive changes
of constructed concept approximations. The adaptive learning for autonomous
systems became a challenge for machine learning, robotics, complex systems,
and multiagent systems. It is becoming also a very attractive research area for
the rough set approach. Some of these issues will be discussed in the following
section.

4

Approximation Spaces in Adaptive Learning

There are diﬀerent interpretations of the terms adaptive learning and adaptive
systems (see, e.g., [1,7,12,15,21,22,24,58]). We mean by adaptive a system that
learns to change with its environment. Our understanding is closest to the spirit
of what appears in [7,12]. In complex adaptive systems (CAS), agents scan their
environment and develop a schema for action. Such a schema deﬁnes interactions with agents surrounding it together with information and resources ﬂow
externally [7]. In this section, we concentrate only on some aspects of adaptive
learning. The other issues of adaptive learning in MAS and CAS will be discussed
elsewhere.
In particular, we would like to discuss the role of approximation spaces in
adaptive learning.
In this paper, we consider the following exemplary situation. There is an
agent ag interacting with another agent called the environment (ENV). Interactions are represented by actions [11,62] performed by agents. These actions are
changing values of some sensory attributes of agents. The agent ag is equipped
with ontology of vague concepts consisting of vague concepts and dependencies
between them.
There are three main tasks of the agent ag: (i) adaptation of observation to
the agent’s scheme, (ii) adaptive learning of the approximations of vague concepts, and (iii) preserving constraints (e.g., expressed by dependencies between
concepts).
Through adaptation of observation to the agent’s scheme agent becomes more
robust and can handle more variability [7].
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Approximation of vague concepts by the agent ag requires development of
searching methods for relevant approximation spaces which create the basis for
approximation of concepts. Observe that the approximations of vague concepts
are dynamically changing in adaptive learning when new knowledge about approximated concept is obtained by the agent ag. In particular, from this it follows
that the boundary regions of approximated concepts are dynamically changing
in adaptive learning. For each approximated concept we obtain a sequence of
boundary regions rather than a single crisp boundary region. By generating
this sequence we are attempting to approximate the set of borderline cases of a
given vague concept. Hence, if the concept approximation problem is considered
in adaptive framework the higher order postulate for vague concepts is satisﬁed
(i.e., the set of borderline cases of any vague concept can not be crisp) [18,44,50].
The third task of the agent ag requires learning of a planning strategy. This
is a strategy for predicting plans (i.e., sequences of actions) on the basis of observed changes in the satisﬁability of the observed concepts from ontology. By
executing plans the actual state of the system is transformed to a state satisfying the constraints. Changes in the environments can cause that the executed
plans should be reconstructed dynamically by relevant adaptive strategies. In
our example, actions performed by the agent ag are adjusting values of sensory
attributes which are controllable by ag.
Before we will discuss the mentioned above tasks in more detail we would like
to add some comments on interaction between agents.
The interactions among agents belong to the most important ingredients of
computations realized by multiagent systems [21]. In particular, adaptive learning agents interact, in particular, with their environments. In this section, we
will continue our discussion on adaptive learning by agents interacting with environment. Some illustrative examples of interactions which have inﬂuence on
the learning process are presented.
Let us consider two agents ag and EN V representing the agent learning some
concepts and the environment, respectively. By ags (t) and EN Vs (t) we denote
(information about) the state of agents ag and EN V at the time t, respectively.
Such an information can be represented, e.g., by a vector of attribute values Aag
and AEN V , respectively [51]. The agent ag is computing the next state ags (t+ 1)
using his own transition relation −→ag applied to the result of interaction of
ags (t) and EN Vs (t). The result of such an interaction we denote by ags (t)⊕EN V
EN Vs (t) where ⊕EN V is an operation of interaction of EN V on the state of ag.
Hence, the following condition holds:
ags (t) ⊕EN V EN Vs (t) −→ag ags (t + 1).

(15)

Analogously, we obtain the following transition for environment states:
ags (t) ⊕ag EN Vs (t) −→EN V EN Vs (t + 1).

(16)

In our examples, we will concentrate on two examples of interactions. In the
ﬁrst example related to incremental learning (see, e.g., [13,23,61,65]), we assume that ags (t) ⊕EN V EN Vs (t) is obtained by extending of ags (t) by a new
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information about some new sample of objects labelled by decisions. The structure of ags (t) is much more compound than in non-incremental learning. This
will be discussed in one of the following section together with some aspects
of adaptation in incremental learning. These aspects are related to searching
for relevant approximation spaces. In the discussed case, we also assume that
ags (t)⊕ag EN Vs (t) = EN Vs (t), i.e., there is no interaction of the agent ag on the
environment. In our second example, the agent ag can change the state of EN V
by performing some actions or plans which change the state of the environment.
4.1

Adaptation of Observation to the Agent’s Scheme

In this section, we present two illustrative examples of adaptation of observation
to the agent’s scheme. In the consequence of such an adaptation, the agent’s
scheme becomes more robust relative to observations.
In the ﬁrst example, we consider instead of patterns pat(x) (see Section 2)
mode general patterns which are obtained by granulation of such patterns using
a similarity relation τ . Assuming that the object description pat(x) is deﬁned by

{(a, a(x)) : a ∈ A and va ∈ Va } one can deﬁne such a similarity τ on description of objects, e.g., by a composition of similarity relations on attribute value
sets (see, e.g., [20,25,47])2 . Then instead of patterns pat(x) we obtain patterns
patτ (x) with the semantics deﬁned by patτ (x)U ∗ = {y ∈ U ∗ : pat(x)τ pat(y)}.
The deﬁnition of satisﬁability of arguments (6) changes as follows
ν ∗ (patτ (x)U ∗ , patU ∗ ) ≥ ε;
ν ∗ (patU ∗ , C) ≥ ε .

(17)

Observe, that patτ (x)U ∗ is usually supported by many more objects than
pat(x)U ∗ . Hence, if it is possible to tune the parameters of τ in such a way that
the ﬁrst condition in (17) is satisﬁed for suﬃciently large ε than the obtained
argument is much more robust than the previous one, i.e., it is satisﬁed by much
more objects than the previous one pat(x) and at the same time the requirement
related to the degrees of inclusion is preserved.
Our second example concerns construction of more robust production rules
and productions (sets of production rules corresponding to the same dependency
between vague concepts) (see Figure 4). Patterns in such productions represent
diﬀerent layers of vague concepts and are determined by the linguistic values
of membership such as small, medium, high (see, e.g., [5]). These more general
patterns are constructed using information granulation [51]. Let us consider a
simple example of information granulation. Observe that the deﬁnition of the
satisﬁability of arguments given by (6) is not unique. One can consider the
decision table (U, A, d), where A is a given set of condition attributes [32] and
the decision d is the characteristic function of the set Yε (pat) = {y ∈ U :
ν(pat(y)U , patU )) ≥ ε}. From this decision table can be induced the classiﬁer
Class(pat) for the concept Yε∗ (pat) = {y ∈ U ∗ : ν ∗ (pat(y)U ∗ , patU ∗ )) ≥ ε}.
2

Note, that the similarity relation τ has usually many parameters which should be
tuned in searching for relevant similarity relations.
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Fig. 4. An illustration of production and AR scheme

Any object x ∈ U ∗ is satisfying the C-argument (5) if and only if the following
condition is satisﬁed:
ν ∗ (Yε∗ (pat), C) ≥ ε .
(18)
The satisﬁability of (18) is estimated by checking if the following condition holds
on the sample U :
ν(Yε (pat), C ∩ U ) ≥ ε .
(19)
We select only the arguments (ε, pat, ε ) with the maximal ε satisfying (19) for
given ε and pat.
Assume that 0 = ε0 < . . . < εi−1 < εi < . . . < εn = 1. For any i = 1, . . . , n
we granulate a family of sets
{Yε∗ (pat) : pat ∈ P AT T ERN S(AS, L, C) and ν ∗ (Yε∗ (pat), C) ∈ [εi−1 , εi )}
(20)
into one set Yε∗ (εi−1 , εi ). Each set Yε∗ (εi−1 , εi ) is deﬁned by an induced classiﬁer
Classε (εi−1 , εi ). The classiﬁers are induced, in an analogous way as before, by
constructing a decision table over a sample U ⊆ U ∗ . In this way we obtain a
family of classiﬁers {Classε (εi−1 , εi )}i=1,...,n .
The sequence 0 = ε0 < . . . < εi−1 < εi < . . . < εn = 1 should be discovered in such a way that the classiﬁers Classε (εi−1 , εi ) correspond to different layers of the concept C with linguistic values of membership. One of
the method in searching for such sequence can be based on analysis of a histogram. This histogram represents a function f (I) where I ∈ J , J is a given
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uniform partition of the interval [0, 1], and f (I) is the number of patterns from
{Yε∗ (pat) : pat ∈ P AT T ERN S(AS, L, C)} with the inclusion degree into C from
I ⊆ [0, 1].
4.2

Adaptation and Incremental Learning

In this section, we outline a searching process for relevant approximation spaces
in incremental learning. Let us consider an example of incremental concept approximation scheme Sch (see Figure 5). By Inf (C) and Inf  (C) we denote
Sch

STR

Q(AS*,Inf'(C))
Inf'(C)

Q

Q

IN

DS AS* ASInf(C)

AS*

ENV

IN
ASInf(C)
Inf(C)

DS

Fig. 5. An example of incremental concept approximation scheme

a partial information about the approximated concept (e.g., decision table for
C or training sample) in diﬀerent moments t and t + 1 of time, respectively3 .
EN V denotes an environment, DS is an operation constructing an approximation space ASInf (C) from a given sample Inf (C), i.e., a decision table. IN is an
inductive extension operation (see Section 2) transforming the approximation
space ASInf (C) into an approximation space AS ∗ used for approximation of the
concept C; Q denotes a quality measure for the induced approximation space
AS ∗ on a new sample Inf  (C), i.e., an extension of the decision table Inf (C).
For example, the value Q(AS ∗ , Inf  (C)) can be taken as a ratio of the number of
objects from Inf  (C) that are classiﬁed correctly (relative to the decision values
from Inf  (C)) by the classiﬁcation algorithm (classiﬁer) for C deﬁned by AS ∗
(see Section 2) to the number of all objects in Inf  (C).
The double-ended arrows leading into and out of EN V illustrate an interaction between agent ag and the environment EN V . In the case of a simple
incremental learning strategy only samples of C are communicated by EN V to
ag. More compound interactions between ag and EN V will be discuss later.
They can be related to reaction from EN V on predicted by ag decisions (actions, plans) (see, e.g., award and penalty policies in reinforcement strategies
[9,17,14,34,39,60]).
3

For simplicity, in Figure 5 we do not present time constraints.
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ST R is a strategy that adaptively changes the approximation of C by modifying the quality measure Q, the operation of inductive extension IN , and the
operation DS of constructing the approximation space ASInf (C) from the sample Inf (C). Dotted lines outgoing from the box labelled by SRT in Figure 5
are illustrating that the strategy ST R after receiving the actual values of input
its parameters is changing them (e.g., in the next moment of time). To make
Figure 5 more readable the dotted lines are pointing to only one occurrence of
each parameter of ST R but we assume that its occurrences on the input for
ST R are modiﬁed too.
In the simple incremental learning strategy the quality measure is ﬁxed. The
aim of the strategy ST R is to optimize the value of Q in the learning process.
This means that in the learning process we would like to reach as soon as possible an approximation space which will guarantee the quality of classiﬁcation
measured by Q to be almost optimal. Still, we do not know how to control by
ST R this optimization. For example, should this strategy be more like the annealing strategy [19], then it is possible to perform more random choices at the
beginning of the learning process and next be more “frozen” to guarantee the
high convergence speed of the learning process to (semi-)optimal approximation space. In the case of more compound interactions between ag and EN V ,
e.g., in reinforcement learning, the quality measure Q should be learned using,
e.g., awards or penalties received as the results of such interactions. This means
that together with searching for an approximation space for the concept it is
necessary to search for an approximation space over which the relevant quality
measure can be approximated with high quality.
The scheme Sch describes an adaptive strategy ST modifying the induced
approximation space AS ∗ with respect to the changing information about the
concept C. To explain this in more detail, let us ﬁrst assume that a procedure
newC (EN V, u) is given returning from the environment EN V and current information u about the concept C a new piece of information about this concept (e.g.,
an extension of a sample u of C). In particular, Inf (0) (C) = newC (EN V, ∅) and
Inf (k+1) (C) = newC (EN V, Inf (k) (C)) for k = 0, . . .. In Figure 5 Inf  (C) =
Inf (1) (C). Next, assuming that operations Q(0) = Q, DS (0) = DS, IN (0) = IN
(k+1)
are given, we deﬁne Q(k+1) , DS (k+1) , IN (k+1) , AS(Inf (k+1) (C) , and AS ∗(k+1) for
k = 0, . . . , by
(Q(k+1) , DS (k+1) , IN (k+1) ) =
= ST R(Q

(k)

(AS

∗(k)

, Inf

(k+1)

(21)
(C)), Q

(k)

, IN

(k)

, DS

(k)

, AS

∗(k)

(k)
, ASInf (k) (C) )

ASInf (k+1) (C) = DS (k+1) (Inf (k+1) (C)); AS ∗(k+1) = IN (k+1) (ASInf (k+1) (C) ).
(k+1)

(k+1)

One can see that the concept of approximation space considered so far should
be substituted by a more complex one represented by the scheme Sch making
it possible to generate a sequence of approximation spaces AS ∗(k) for k = 1, . . .
derived in an adaptive process of approximation of the concept C. One can also
treat the scheme Sch as a complex information granule [48].

56

J. Bazan, A. Skowron, and R. Swiniarski

MS
Sch2

Sch1
…
…

STR1

…
…

STR2

…

…
…

…

…

…

…

…

…

…

…

…

…

…

ENV

…
Fig. 6. An example of metastrategy in adaptive concept approximation

One can easily derive more complex adaptive schemes with metastrategies
that make it possible to modify also strategies. In Figure 6 there is presented an
idea of a scheme where a metastrategy M S can change adaptively also strategies
ST Ri in schemes Schi for i = 1, . . . , n where n is the number of schemes. The
metastrategy M S can be, e.g., a fusion strategy for classiﬁers corresponding to
diﬀerent regions of the concept C.
4.3

Adaptation in Reinforcement Learning

In reinforcement learning [9,14,17,34,39,56,60], the main task is to learn the approximation of the function Q(s, a), where s, a denotes a global state of the
system and an action performed by an agent ag and, respectively and the real
value of Q(s, a) describes the reward for executing the action a in the state s. In
approximation of the function Q(s, a) probabilistic models are used. However,
for compound real-life problems it may be hard to build such models for such
a compound concept as Q(s, a) [63]. In this section, we would like to suggest
another approach to approximation of Q(s, a) based on ontology approximation.
The approach is based on the assumption that in a dialog with experts an additional knowledge can be acquired making it possible to create a ranking of
values Q(s, a) for diﬀerent actions a in a given state s. We expect that in the
explanation given by expert about possible values of Q(s, a) are used concepts
from a special ontology of concepts. Next, using this ontology one can follow hierarchical learning methods (see Section 3 and [2,3,4,5,26,27,28,45,46,48,49,57]))
to learn approximations of concepts from ontology. Such concepts can have temporal character too. This means that the ranking of actions may depend not only
on the actual action and the state but also on actions performed in the past and
changes caused by these actions.
4.4

Adaptation and Planning

A more compound scheme than what was considered in the previous section can
be obtained by considering strategies based on cooperation among the schemes
for obtaining concept approximations of high quality. In Figure 7 an adaptive
scheme for plan modiﬁcation is presented. P LAN is modiﬁed by a metastrategy
M S that adaptively changes strategies in schemes Schi where i = 1, . . . , n. This
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Fig. 7. An example of adaptive plan scheme

is performed on the basis of the derived approximation spaces ASi∗ induced for
concepts that are guards (preconditions) of actions in plans and on the basis of
information Inf (x) about the state x of the environment EN V . The generated
approximation spaces together with the plan structure are adaptively adjusted
to make it possible to achieve plan goals.
The discussed example is showing that the context in which sequences of
approximation spaces are generated can have complex structure represented by
relevant adaptive schemes. The main goal of the agent ag in adaptive planning is
to search for approximation of the optimal trajectory of states making it possible
for the agent ag to achieve the goal, e.g., to keep as invariants some dependencies
between vague concepts. Observe, that searching in adaptive learning for such a
trajectory approximation should be performed together with adaptive learning
of many other vague concepts which should be approximated, e.g., preconditions
for actions, meta actions or plans.
One of the very important issue in adaptive learning is approximation of compound concepts used in reasoning about changes observed in the environment.
The agent ag interacting with the environment EN V is recording changes in
the satisﬁability of concepts from her/his ontology. These changes should be
expressed by relevant concepts (features) which are next used for construction
of preconditions of actions (or plans) performed by the agent ag. In real-life
problems these preconditions are compound concepts. Hence, to approximate
such concepts we suggest to use an additional ontology of changes which can be
acquired in a dialog with experts. All concepts from the ontology create a hierarchical structure. In this ontology relevant concepts characterizing changes in the
satisﬁability of concepts from the original ontology are included together with
other simpler concepts from which they can be derived. We assume that such an
ontology can be acquired in a dialog with experts. Concepts from this ontology
are included in the expert explanations consisting of justiﬁcations why in some
exemplary situations it is necessary to perform some particular actions in a particular order. Next, by approximation of the new ontology (see Section 3 and
[2,3,4,5,26,27,28,45,46,48,49,57]) we obtain the approximation of the mentioned
above compound concepts relevant for describing changes. This methodology
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can be used not only for predicting the relevant actions, meta actions or plans
but also for the plan reconstruction. In our current projects we are developing
the methodology for adaptive planning based on ontology approximation.

5

Conclusions

In the paper, we have discussed some problems of adaptive approximation of
concepts by agents interacting with environments. These are the fundamental
problems in synthesis of intelligent systems. Along this line important research
directions perspective arise.
In particular, this paper realizes a step toward developing methods for adaptive maintenance of constraints speciﬁed by vague dependencies. Notice that
there is a very important problem related to such a maintenance which should
be investigated further, i.e., approximation of vague dependencies. The approach
to this problem based on construction of arguments “for” and “against” for concepts from conclusions of dependencies on the basis of such arguments from
premisses of dependencies will be presented in one of our next paper.
Among interesting topics for further research are also strategies for modeling
of networks supporting approximate reasoning in adaptive learning. For example,
AR schemes and AR networks (see, e.g., [48]) can be considered as a step toward
developing such strategies. Strategies for adaptive revision of such networks and
foundations for autonomous systems based on vague concepts are other examples
of important issues.
In this paper also some consequences on understanding of vague concepts
caused by inductive extensions of approximation spaces and adaptive concept
learning have been presented. They are showing that in the learning process
each temporary approximations, in particular boundary regions are crisp but
they are only temporary approximations of the set of borderline cases of the
vague concept. Hence, the approach we propose is consistent with the higher
order vagueness principle [18].
There are some important consequences of our considerations for research on
approximate reasoning about vague concepts. It is not possible to base such
reasoning only on static models of vague concepts (i.e., approximations of given
concepts [32] or membership functions [66] induced from a sample available at
a given moment) and on multi-valued logics widely used for reasoning about
rough sets or fuzzy sets (see, e.g., [31,36,66,69]). Instead of this there is a need
for developing evolving systems of logics which in open and changing environments will make it possible to gradually acquire knowledge about approximated
concepts and reason about them.
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