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Abstract. We discuss information maps and patterns deﬁned over such
maps. Any map is deﬁned by some transition relation on states. Each
state is a pair consisting of a label and information related to the label.
We present several examples of information maps and patterns in such
maps. In particular, temporal patterns investigated in data mining are
special cases of such patterns in information maps. We also introduce
association rules over information maps. Patterns over such maps can be
represented by means of formulas of temporal logics. We discuss examples
of problems of extracting such patterns from data.

1

Introduction

Patterns discussed in data mining [1], [5], [11] are special cases of patterns deﬁned over information maps. Any such map consists of a relation on states, i.e.,
pairs (label, inf ormation(label)). Exemplary information maps can be extracted
from decision systems [10], [7]. In this case one can take attribute value vectors
as labels. The information corresponding to any label is a subsystem of a given
decision system consisting of all objects consistent with the label. Patterns over
information maps describe sets of states and can be expressed by means of temporal formulas [3], [2], [6]. For example, one can look for minimal (with respect
to the length) labels with the following property: any state reachable (by means
of a given transition relation) from the state s with such label consists of a subsystem of a given decision system with a required property (e.g., expressing that
the entropy is not changing signiﬁcantly in transition to any state reachable from
the given state s comparing the entropy of the subsystem corresponding to s).
In the paper we present several examples of information maps showing how they
can be constructed from data represented, e.g., by information systems, decision tables, or ordered sequences of feature value vectors. Examples of patterns
and generalized association rules over such maps are also presented. We discuss
searching problems for optimal (in a given information map) association rules.
Such rules can be obtained by tuning parameters of parameterized temporal
formulas expressing the structure of association rules. Finally, we outline classiﬁcation problems for states embedded in neighborhoods deﬁned by information
maps.
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Preliminaries

We use in the paper standard notation of rough set theory (see, e.g., [7]). In
particular by A we denote information system [10] with the universe U and the
attribute set A. Decision systems are denoted by A = (U, A, d) where d is the
decision attribute.
Temporal formulas can be used for expressing properties of states in information maps. We recall an example of temporal logic syntax and semantics [3], [2].
We begin from syntax of formulas. Let V ar be a set of propositional variables.
One can distinguish two kinds of formulas: state and path, and we deﬁne the set
F of all formulas inductively:
S1.
S2.
S3.
P1.
P2.
P3.

Every propositional variable from V ar is a state formula,
if α and β are state formulas, so are ¬α and α ∧ β,
Aα is a state formula, if α is a path formula,
any state formula is also a path formula,
if α and β are path formulas, so are ¬α and α ∧ β,
if α and β are path formulas, so is U(α, β).

Both A and U are modal operators, where the former denotes ”all paths” and
the latter ”until”.
The semantics of temporal formulas is deﬁned as follows. Assume S is a given
set of states and let R ⊆ S × S be a transition relation. The pair (S, R) is called
a model. Let V al be a valuation function V al : V ar → 2S . Satisfaction of state
formula α ∈ F in state s ∈ S we denote by s |= α and deﬁne by
S1. s |= α iﬀ s ∈ V al(α) for α ∈ V ar,
S2. s |= (¬α) iﬀ not s |= α, s |= α ∧ β iﬀ s |= α and s |= β,
S3. s |= Aα iﬀ π |= α for every path π starting at s,
Let π = s0 s1 s2 . . . be a path and let πi denote the suﬃx si si+1 si+2 . . . of π.
Satisfaction of path formula α ∈ F in path π we denote by π |= α and deﬁne by
P1. π |= α iﬀ s0 |= α for any state formula α,
P2. π |= (¬α) iﬀ not π |= α, π |= α ∧ β iﬀ π |= α and π |= β,
P3. π |= U(α, β) iﬀ πi |= α and πj |= β for some j ≥ 0 and all 0 ≤ i < j.
The semantics α M (or α , for short) of formula α in the model M is a set
{s : s |= α} of all states in M in which α is satisﬁed.
There are numerous other temporal logic studied in literature [2], [6]. They
are characterized by temporal operators deﬁned on the basis of the introduced
above operators or some new ones. Let us consider such exemplary past operator
Hkl (where l ≤ k) with the following intended meaning: s |= Hkl α if and only if
for any path π = s1 . . . sm where m ≤ k and sm = s any l-window of π (i.e.,
subsequence si si+1 . . . si+l of π) satisﬁes α. Analogously, one can deﬁne operator
Glk related to the states reachable from s.
One can apply temporal formulas, like those deﬁned above, to describe patterns expressing properties of states in information maps. Problems discussed
in the paper are diﬀerent from typical model checking problems. We consider
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Fig. 1. (a) Information map, (b) Information map of information system

problems assuming that a model (represented by means of information map) is
given. Such models are generated from given information sources. The problems
we consider are related to searching for patterns (which can be expressed by
means of temporal formulas from a given set) having required properties in a
given model. Examples presented in the following sections are explaining what
we mean by the phrase required properties in a given model.

3

Information Maps

In this section we introduce the notion of an information map. Such maps are
usually generated from experimental data, like information systems or decision
tables, and are deﬁned by means of some binary (transition) relations on set of
states. Any state consists of information label and information extracted from
a given data set corresponding to the information label. Presented examples
explain the meaning of information labels, information related to such labels
and transition relations (in many cases partial orders) on states. We show that
such structures are basic models over which one can search for relevant patterns
for many data mining problems.
An information map A is a quadruple (E, ≤, I, f ), where E is a ﬁnite set
of information labels, transition relation ≤ ⊆ E × E is a binary relation on
information labels, I is an information set and f : E → I is an information
function associating the corresponding information to any information label.
In Figure 1a we present an example of information map, where E = {e1 , e2 ,
e3 , e4 , e5 }, I = {f (e1 ), f (e2 ), f (e3 ), f (e4 ), f (e5 )} and the transition relation ≤
is a partial order on E.
A state is any pair (e, f (e)) where e ∈ E. The set {(e, f (e)) : e ∈ E} of
all states of A is denoted by SA . The transition relation on information labels
is extended to relation on states: (e1 , i1 ) ≤ (e2 , i2 ) iﬀ e1 ≤ e2 . A path in A is
any sequence s0 s1 s2 . . . of states, such that for every i ≥ 0: (1) si ≤ si+1 ; (2) if
si ≤ s ≤ si+1 then s = si or s = si+1 .
A property of A is any subset of SA . Let F be a set of temporal formulas. We
say that property ϕ is expressible in F if and only if ϕ = α for some α ∈ F .
Any information system A = (U, A) deﬁnes its information map as a graph
consisting of nodes being elementary patterns generated by A, where an elemen-

456

A. Skowron and P. Synak

1

2

3

4

5

6

7

8

9

10

t
t

(b)

(a)





1,8

9,19

22,28

29,42

48,54



HKWPO

t

(c)

DKWPO

FKWPO

GKWPO

EKWPO

(d)



Fig. 2. Information map of (a) temporal information system, (b) information systems
changing in time, (c) temporal patterns of temporal information system, (d) web pages

tary pattern InfB (x) is a set {(a, a(x)) : a ∈ B} of attribute-value pairs over
B ⊆ A consistent with a given object x ∈ U . Thus, the set of labels E is equal
to the set IN F (A) = {InfB (x) : x ∈ U, B ⊆ A} of all elementary patterns of A.
The relation ≤ is then deﬁned in a straightforward way, i.e. for u, v ∈ IN F (A)
u ≤ v iﬀ u ⊆ v. Hence, relation ≤ is a partial order on E. Finally, the information set I is equal to {Av : v ∈ IN F (A)} where Av is a sub-system of A with
the universe Uv equal to the set {x ∈ U : ∀(a, t) ∈ v we have a(x) = t}. Attributes in Av are attributes from A restricted to Uv . The information function
f mapping IN F (A) into I is deﬁned by f (v) = Av for any v ∈ IN F (A). An
example is presented in Figure 1b where three information vectors x = {(a, v)},
y = {(a, v), (c, w)} and z = {(a, v), (d, u)} are shown such that x ≤ y, x ≤ z.
One can investigate several properties of such system, e.g. related to distribution of values of some attribute. Let αv be a formula, such that (e, Ae ) |= αv
has the following intended meaning: ”at least 75% of objects of system Ae has
value v on attribute d”. In our example α A = {(x, Ax ), (z, Az )}.
A temporal information system [13] is a system A = ({xt }t∈E⊆N , A) with
linearly ordered universe by xt ≤ xt iﬀ t ≤ t . Patterns in such systems are
widely studied in data mining (see, e.g., [8], [11]).
Any temporal information system A deﬁnes in a natural way its information
map. Let the information label set E be the set of all possible time units and
let the relation ≤ be the natural order on N restricted to E. The information
function f maps any given unit of time t into information corresponding to object
of U related to t, i.e. f (t) = InfA (xt ). In this case the map reﬂects temporal
order of attribute value vectors ordered in time. An example of such information
map is presented in Figure 2a.
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Let F = {At }t∈E⊆N be a family of decision systems ordered in time. Assume
(t)
(t)
At = (Ut , At , dt ), At = {a1 , . . . , ak }, and Ut ⊆ Ut for t ≤ t . Moreover, let
(t)

(t )

ai (u) = ai (u) and dt (u) = dt (u) for i = 1, . . . , k, t ≤ t and u ∈ Ut .
Such a family of decision systems deﬁnes the following F-information map. E
is the set of time stamps and each At corresponds to state of information system
(knowledge) at a given time stamp. The transition relation ≤ is naturally derived
from the order on N and the function f is a map from E onto F. An example is
presented in Figure 2b. For properties of such systems see [15].
One can consider properties of such information map invariant in time. Let
us recall the decomposition problem of information systems changing in time
[14]. Then the time stability property of a given cut c in F-information map can
be expressed by the following state expression: ”c is the optimal cut for At ” for
any t ≤ to where to is a given time threshold. A cut c on a given attribute is
optimal for At if and only if it discerns the maximal number object pairs from
diﬀerent decision classes in At .
Let A = ({xt }t∈E⊆N , A) be a temporal information system. Let Fτ be a
family {Ati ,ti +∆i }i=1,...,k of information systems ordered in time, such that
Ati ,ti +∆i = ({xti , xti +1 , . . . , xti +∆i }, A). Moreover, assume for any i a generalized template (see e.g. [9]) Ti of the quality at least τ occurs in the table
Ati ,ti +∆i . Let ≤ be the natural order on N restricted to E. Finally, function f
maps E onto
 I=Fτ ∪ {∅} and is deﬁned by (see Figure 2c):
Ati ,ti +∆i if exists i such that ti ≤ t ≤ ti + ∆i
f (t) =
∅
otherwise
Any template in each of the systems Ati ,ti +∆i is a pattern that has its occurrence time and the validity period. One can consider a collection of templates
and characterize their relative occurrence in time by higher order patterns. For
example, relative occurrence of templates T1 , T2 can be of the form ”the pattern
T1 is always followed by the pattern T2 ” in a given information map [13].

4

Exemplary Problems

The notion of information map looks quite abstract, however, using maps one
can formulate numerous problems relevant for data mining. In this section we
formulate some examples. In general, solution of a given problem is based on
searching for good patterns in relevant (temporal) language. Such patterns express (temporal) properties of given information system.
Let A = (E, ≤, I, f ) be na information map of a given information system
(or decision table). Let us observe that states in A consist of subtables deﬁned
by labels (elementary patterns) from a given information system. Hence, patterns (temporal formulas) describe properties of sets of subtables pointed by
elementary patterns. Let us consider an example.
Problem 1. For information map A of a given decision table, ﬁnd minimal,
with respect to the partial order ≤, element e of E such that the set of subtables
S(e) = {f (e ) : e ≤ e } satisﬁes given constraints (expressible in a ﬁxed temporal
logic).
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One can choose such constraints in the following way. We are looking for such
states that the set of states reachable from them is suﬃciently large and has the
following property: any two states s1 = (e1 , f (e1 )), s2 = (e2 , f (e2 )) reachable
from state s = (e, f (e)) (i.e. s ≤ s1 and s ≤ s2 ) consist of decision subtables
f (e1 ), f (e2 ) with close relative positive regions [7]. The closeness of relative positive regions can be deﬁned by means of closeness measures of sets. Other possible
choices can be made using entropy or association rules parameterized by some
values of thresholds (support and conﬁdence) [1] instead of positive regions.
In the new setting one can consider a generalization of association rules [1]
by considering implications of the form α ⇒ β where α, β are some temporal
formulas from a ﬁxed (fragment of) temporal logic interpreted in an information
map. The support and conﬁdence can be deﬁned in an analogous way as in
the case of the standard association rules taking into account the speciﬁcity of
states in information maps. Let us consider an example of searching problem
assuming an information map is given. The goal is to search for such pattern α
of subtables that if a state s is satisfying α then with certainty deﬁned by the
conﬁdence coeﬃcient this state has also property β (e.g., any path starting from
such state s consists of a subtable with suﬃciently small entropy). At the same
time the set of states satisfying α and β should be suﬃciently large to a degree
deﬁned by the support coeﬃcient. The temporal structure of association rules
depends on the application (see below).
One can generalize a prediction problem considered for linear orders in data
mining [5], [11]. The following example is included to illustrate this point of view.
Problem 2. Let A = (E, ≤, I, f ) be an information map. Assume the relation
≤ is a partial order. Let us consider a searching problem for association rules of
the form Hkl α =⇒ ◦β where ◦ is the next operator [2], β is a ﬁxed formula and
α is from a given set of formulas.
The intended meaning of such formula is the following: s |= Hkl α =⇒ ◦β if
and only if any immediate successor of s has property β if the neighborhood of
s deﬁned by the operator Hkl has property speciﬁed by α. Let us observe that
the space of formulas from which we would like to extract relevant association
rules is parameterized by non-negative integers k, l satisfying l ≤ k as well as α
from a ﬁxed set of temporal formulas.
For a given state s in an information map two neighborhoods are deﬁned.
The ﬁrst called the past neighborhood P (s) of s consists of some states from
which s is reachable (by the transition relation of information map). The second
one, the future neighborhood F (s), consists of some states reachable from s. Let
γ be a given formula representing a speciﬁed property of F (s). For example, it
can be of the form G2n δ where δ is expressing that in any 2-window of states from
F (s) changes are not signiﬁcant. Moreover, let L be a set of formulas expressing
properties of 2-windows in P (s). L can be chosen as a set of formulas specifying
trends of changes of attribute values in labels of 2-windows.
Problem 3. For given δ, L, n and information map A ﬁnd k and formula
β ∈ L such that Hk2 β =⇒ G2n δ is an association rule of the required quality
speciﬁed by the support and conﬁdence coeﬃcients.
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An interesting task is to search for so called labels of changes. The 2-windows
in past neighborhoods of states with such labels are showing signiﬁcant changes
while 2-windows in future neighborhoods are not showing signiﬁcant changes of
information.
One can consider more general structures than neighborhoods, for representing trends of pattern changes. We use terminology from granular computing (see,
e.g., [12]).
An interesting class of rules (see also [4]) is deﬁned by the following scheme
of association rules:
α(G) ∧ R(F1 (G), F2 (G)) ∧ β(F1 (G)) =⇒ γ(F2 (G))
where G, F1 (G), F2 (G) are information granules; F1 (G), F2 (G) are parts of G;
α, β, γ are given properties of granules and R is a binary constraint relation on
granules.
Such rules have the following intended meaning. If the granule G has property
α and its parts F1 (G), F2 (G) are satisfying a given constraint R and F1 (G) has
property described by β then F2 (G) satisﬁes γ.
Let us consider an example. Assume G is a sequence of information granules
(g1 , . . . , gk ) being a sequence of states ((e1 , f (e1 )), . . . , (ek , f (ek ))), respectively
in a map A of information system A. Moreover, let F1 (G), F2 (G) be granules
(e1 , . . . , ek ), (f (e1 ), . . . , f (ek )), respectively. The intended meaning of formulas
α, β, γ, R are as follows:
– α(G) holds iﬀ {g1 , . . . , gk } is an anti-chain in (E, ≤) in which all states are
reachable from some state;
– R(G, G ) iﬀ (G, G ) is a state in A;
– β ∈ L where L is a set of formulas making possible to check if attribute
values in (e1 , . . . , ek ) have some trends of changes, e.g., they are increasing,
decreasing, changing signiﬁcantly;
– γ(f (e1 ), . . . , f (ek )) holds iﬀ the cardinalities of relative positive regions of
decision tables from (f (e1 ), . . . , f (ek )) create a decreasing sequence.
Certainly, one can consider other semantics of the above formulas, for example, the following intended meaning of the formula γ: γ(f (e1 ), . . . , f (ek )) if and
only if a sequence of the most probable decision values of decision tables from
(f (e1 ), . . . , f (ek )) is increasing.
Finally, we obtain the following searching problem.
Problem 4. Assume A be an information map and consider the set of antichains each of them reachable from one state in A. Find, for a given formula γ
and a set of temporal formulas L, a formula β ∈ L predicting trends of changing
in (f (e1 ), . . . , f (ek )) expressible by γ by means of trends of changes of attribute
values in (e1 , . . . , ek ) expressible by β. The quality of extracted association rules
can be measured by the required support and conﬁdence coeﬃcients.

5

Conclusions

We have introduced a class of patterns in information maps. Presented examples show that searching for such patterns can be important for data mining
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problems. In the future we plan to develop heuristics searching for solutions of
the discussed problems and we would like to apply them to real-life problems.
Boolean reasoning methods [7] can be used for extracting at least some of considered patterns. The details of methods based on Boolean reasoning for the
temporal pattern extraction will be included in one of our next papers.
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