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Abstract
The main task in decision tree construction algorithms is to find the
”best partition” of set of objects.
We consider the problem of
searching for optimal binary partition of continuous attribute domain
for large data sets stored in relational data bases (RDB). The straightforward approach to optimal partition selection with respect to entropy measure (which evaluates the
quality of a partition) needs O(N )
simple queries, where N is the number of pre-assumed partitions. We
present new approximated entropy
measures that allow to construct the
partition very close to optimal, using
only O(log N ) simple queries.
Keywords: Data mining, decision
tree, approximate entropy measure,
large databases.
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Introduction

Searching algorithms for optimal partitions of
real value attributes (features) problem, defined by so called cuts, has been studied by
many authors (see e.g., [1, 2, 4, 11]). The
main goal of such algorithms is to discover
cuts which can be used to synthesize decision
trees or decision rules of high quality with respect to some quality measures (e.g., quality
of classification of new unseen objects, quality defined by the decision tree height, support and confidence). In general, all those
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problems are hard from computational point
of view (e.g., it has been shown in [4] that
the searching problem for minimal and consistent set of cuts is NP-hard). Hence, numerous heuristics have been developed for approximate solutions of these problems. These
heuristics are based on some measures estimating the quality of extracted cuts.
In this paper we consider the entropy based
measure which has been used firstly in ID3
methods [11] and many other. We consider
a searching problem for optimal partition of
real value attributes assuming that the large
data table is represented in a relational data
base. The critical factor for time complexity
of algorithms solving the discussed problem is
the number of simple SQL queries of the form
SELECT COUNT
FROM aTable
WHERE (anAttribute BETWEEN
aValue1 AND aValue2)AND
(some additional conditions)
(related to some interval of attribute values) necessary to construct such partitions.
We assume the answer time for such queries
does not depend on the interval length (this
assumption is satisfied in some existing data base servers). Using straightforward approach to optimal partition selection (with respect to a given measure), the number of necessary queries is of order O(N ), where N is
the number of preassumed parts of the searching space partition.
In previous papers [6, 7, 8] we presented new
algorithm for decision tree induction from

1. For a given set of objects U , select a cut
(a, cBest ) of high quality among all possible cuts and all attributes;

large data bases and some approximated discernibility measures that allow to construct
the partition very close to optimal, using only O(log N ) simple queries. In this paper we
will show that one can extend this approach
for entropy measure. We present two approximated entropy measures under two different
assumption about dependency between cuts.
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2. Induce a partition U1 , U2 of U by
(a, cBest ) ;
3. Recursively apply Step 1 to both sets
U1 , U2 of objects until some stopping condition is satisfied.

Basic notions

An information system [9] is a pair A =
(U, A), where U is a non-empty, finite set
called the universe and A is a non-empty finite set of attributes (or features), i.e. a :
U → Va for a ∈ A, where Va is called the
value set of a. Elements of U are called objects or records. Two objects x, y ∈ U are
said to be discernible by attributes from A
if there exists an attribute a ∈ A such that
a(x) 6= a(y). Any information system of the
form A = (U, A∪{dec}) is called decision table
where dec ∈
/ A is called decision attribute (or
decision for short). Without loss of generality we assume that Vdec = {1, . . . , d}. Then
the set DECk = {x ∈ U : dec(x) = k}
will be called the k th decision class of A for
1 ≤ k ≤ d.
Any pair (a, c), where a is an attribute and c
is a real value, is called a cut (if the attribute
a ∈ A has been uniquely specified, then cut
can be denoted simply by any c ∈ R. We say
that ”the cut (a, c) discerns a pair of objects
x, y” if either a(x) < c ≤ a(y) or a(y) < c ≤
a(x).
The decision tree for a given decision table is
(in simplest case) a binary directed tree with
test functions (i.e. boolean functions defined
on the information vectors of objects) labelled
in internal nodes and decision values (i.e. domain of d) labelled in leaves.
In this paper, we consider decision trees using cuts as test functions. Every cut (a, c) is
associated with test function f(a,c) such that
∀u∈U f(a,c) (u) = 1 ⇔ a(u) > c
The typical algorithm for decision tree induction can be described as follows:
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Decision tree construction from
Decision tables

Developing some decision tree induction
methods (see [2, 11]) and some supervised discretization methods (see [1, 4]), we should often solve the following problem:
Problem For a given real value attribute a
and set of candidate cuts {c1 , ..., cN }, find a
cut (a, ci ) belonging to the set of optimal cuts
with high probability.
Usually, we use some measure (or quality
functions) F : {c1 , ..., cN } → R to estimate
the quality of cuts. For a given measure F , the
straightforward searching algorithm for the
best cut should compute the values of F for
all cuts: F (c1 ), .., F (cN ). The cut cBest which
optimizes (i.e. maximizes or minimizes) the
value of function F is selected as the result of
searching process.
In next sections we recall the most frequently
used measures for decision tree induction like
”Entropy Function” and ”Discernibitity Measure”, respectively. First we fix some notations. Let us consider the attribute a and the
set of all relevant cuts Ca = {c1 , ..., cN } on a.
Definition 1 The d-tuple of integers hx1 ,
..,xd i is called class distribution of the set of
objects X ⊂ U iff xk = card(X ∩ DECk ) for
k ∈ {1, ..., d}. If the set of objects X is defined by X = {u ∈ U : p ≤ a(u) < q} for
some p, q ∈ R then the class distribution of
X can be called the class distribution of
interval [p; q).

searching for optimal set of cuts can be characterized by a Boolean function fA (where A
is a given decision table). It has been shown
that the quality of cuts can be measured by
their discernibility properties (see [4]). Intuitively, the inner energy of the set of objects X ⊂ U can be defined by the number of
pairs of objects from X to be discerned called
conf lict(X). Let hN1 , ..., Nd i be a class distribution of X, then conf lict(X) can be computed by
X
Ni Nj
conf lict(X) =
i<j

Figure 1: The illustration of entropy(top) and
discernibility(bottom) measure
3.1

Entropy methods

This concept uses class-entropy as a criterion
to evaluate the list of best cuts which together
with the attribute domain induce the desired
intervals. The class information entropy of
the set of N objects X with class distribution hN1 , ..., Nd i, where N1 + ... + Nd = N , is
defined by
Ent(X) = −

d
X
Nj
j=1

N

log

Nj
N

Hence, the class information entropy of the
partition induced by a cut point c on attribute
a is defined by
E (a, c; U ) =

|UR |
|UL |
Ent (UL ) +
Ent (UR )
n
n

where {U1 , U2 } is a partition of U defined by
c. For a given feature a, the cut cmin which
minimizes the entropy function over all possible cuts is selected see Figure 1. There is
a number of methods based on information
entropy theory reported in [3, 11].
3.2

Maximal Discernibility Principle

In Boolean reasoning methods, cuts are treated as Boolean variables and the problem of

The cut c which divides the set of objects
U into U1 , and U2 is evaluated by W (c) =
conf lict(U )−conf lict(U1 )−conf lict(U2 ), i.e.
the more is number of pairs of objects discerned by the cut (a, c), the larger is chance
that c can be chosen to the optimal set of
cut. This measure is called discernibility measure and the algorithm is called MaximalDiscernibility heuristics or the MD-heuristics.
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Divide and Conquer Algorithm

The main idea is to apply the ”divide and
conquer” strategy to determine the best cut
cBest ∈ C = {c1 , ..., cn } with respect to a given quality function F : C −→ R+ .
First we divide the interval containing all possible cuts into k intervals (k = 2, 3, etc.). Next
we will use some approximate measures Fe to
predict the interval which most probably contains the best cut with respect to the measure
F . This process is repeated until the considered interval consists of one cut. Then the
best cut can be chosen between all visited cuts. The problem arises how to define the approximate measure Fe evaluating the quality
of the interval [cL , cR ] having class distributions: (L1 , ..., Ld ) in (−∞, cL ); (M1 , ..., Md )
in [cL , cR ); and (R1 , ..., Rd ) in [cR , ∞). This
measure should estimate the quality of the
best cut among those belonging to the interval [cL , cR ]. The details of our algorithm are
described in Figure 2.
One can see that to determine the value
Eval ([cL , cR ], α) we need to have the class

Algorithm: Searching for semi-optimal cut
Parameters: k ∈ N and α
interval [cL , cR ]

∈

[0; 1].

The approximate measure Eval([cL ; cR ] for any

Input: attribute a; the set of candidate cuts Ca = {c1 , .., cN } on a;
Output: The optimal cut c ∈ Ca
begin
Lef t ← min; Right ← max;
while (Lef t < Right)
1.Divide [Lef t; Right] into k intervals with equal length by (k + 1) boundary points
i.e.,
Right − Lef t
pi = Lef t + i ∗
;
k
for i = 0, .., k.
2.For i = 1, .., k compute approximate measure Eval([cpi−1 ; cpi ]).
interval with maximal value of Eval(.);

Let [pj−1 ; pj ] be the

3.Lef t ← pj−1 ; Right ← pj ;
endwhile;
Return the cut cLef t ;
end

Figure 2: The divide and conquer algorithm for optimal cuts
distributions (L1 , ..., Ld ), (M1 , ..., Md ) and
(R1 , ..., Rd ) of the attribute a in (−∞, cL ),
[cL , cR ) and [cR , ∞). This requires only O(d)
simple SQL queries of the form:
SELECT COUNT FROM DecTable
WHERE (attribute_a
BETWEEN value_1 AND value_2)
AND (dec = i)
Hence the number of queries required for running our algorithm is of order O(dk logk N ).
In practice we set k = 3 because the function
f (k) = dk logk N over positive integers is taking minimum for k = 3. For k > 2, instead of
choosing the best interval [pi−1 , pi ], the algorithm can select the best union [pi−m , pi ] of m
consecutive intervals in every step for a predefined parameter m < k. The modified algorithm needs more – but still O(log N ) simple
queries only.
Let us consider an arbitrary cut c lying between cL and cR and let us assume that
hx1 , x2 , ..., xd i is a class distribution of the interval [cL ; c]. We will construct the approxi-

mate measure using one of two specific probabilistic models for distribution of objects in
the interval [cL , cR ] described as following:
Independency assumption: x1 , x2 , ..., xd
are independent random variables
with uniform distribution over sets
{0, ..., M1 }, ..., {0, ..., Md }, respectively
Full dependency assumption: x1 , ..., xd
are proportional to M1 , ..., Md , i.e.
x1
x2
xd
'
' ... '
M1
M2
Md
4.1

Approximated Discernibility
Measure

In previous papers [6, 7] we have show that
the Approximated Discernibility Measure can
be defined by

where

f ([cL ; cR ]) = E([cL ; cR ]) + ∆
W

E([cL ; cR ]) =
and

(1)

W (cL )+W (cR )+conf lict([cL ;cR ])
2

1. under independency assumption,
p
∆ = α · D2 (W (c))

maximizes the information gain Gain(a, c; U )
or minimizes the Entropy induced by this cut

for some α ∈ [0; 1];

E (a, c; U ) =

2. under full dependency assumption
∆=

[W (cR )−W (cL )]2
8·conf lict([cL ;cR ])

In this paper we will extend this result for
entropy measure.
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Approximate Entropy Measures

In previous sections, the discernibility measure has been successfully approximated. The
experimental results show that the decision
tree or discretization of real value attributes
constructed by means of approximate discernibility measures (using small number of
SQL queries) are very close to those which are
generated by the exact discernibility measure
(but using large number of SQL queries). In
this section, we would like obtain similar results for entropy measure.
Recall that in the standard Entropy-based
methods (see e.g., [11]) we need the following
notions:
1. Information measure of object set U
Ent(U ) = −
= −
=

d
X
Nj
j=1

N

d
X
Nj
j=1



N

log

Nj
N

Hence E (a, c; U ) can be computed by:
h
i
Pd
Pd
1
h(L)
−
h(L
)
+
h(R)
−
h(R
)
j
j
j=1
j=1
N
where (L1 , ..., Ld ), (R1 , ..., Rd ) are class distribution of UL and UR , respectively.

Analogously to the discernibility measure case
[6],[7] the main goal is to predict the quality
of the best cut (in sense of Entropy measure)
among those cuts c from the interval [cL , cR ],
i.e., E(a, c; U ) = N1 f (x1 , ..., xd ) where
P
f (x1 , ..., xd ) = h(L + x) − dj=1 h(Lj + xj )+
P
+h(R + M − x) − dj=1 h(Rj + Mj − xj )
5.1

Full dependency assumption case

In this model, the values x1 , ..., xj can be replaced by
x1 ' M1 · t;

...

xd ' Md · t

x
where t = M
∈ [0; 1] (see Section 4). Hence,
the task is to find the minimum of the function
P
f (t) = h(L + M t) − dj=1 h(Lj + Mj t)+
P
h(R + M − M t) − dj=1 h(Rj + Mj − Mj t)



f 0 (t) = M log

X
1 
h(N ) −
h(Nj )
N
j=1

x2 ' M2 · t;

where h(x) = x log x and h0 (x) = log x + log e.
One can compute the derivative of f (t):

(log Nj − log N )
d

|UR |
|UL |
Ent (UL ) +
Ent (UR )
|U |
|U |

where h(x) = x log x.
2. Information Gain Gain(a, c; U ) over the
set of objects U received by the cut (a, c) is
defined by


|UL |
|UR |
Ent(U ) −
Ent (UL ) +
Ent (UR )
|U |
|U |
where {UL , UR } is a partition of U defined by
c. We have to chose such a cut (a, c) that

−

d
X

L + Mt
R + M − Mt
Mj log

j=1

Lj + Mj t
Rj + Mj − Mj t

Theorem 1 f 0 (t) is decreasing function.
proof Let us compute the second derivative
of f (t):
d

f 00 (t) =

X
Mj2
M2
−
+
L + Mt
Lj + Mj t
j=1

d
X
Mj2
M2
−
R + M − Mt
Rj + Mj − Mj t
j=1

One can show that f 00 (t) ≤ 0 for any t ∈ (0, 1).
Recall the well known Minski inequality:
!2
n
n
n
X
X
X
ai bi
a2i
b2i ≥
i=1

i=1

Dec = 1
Dec = 2
Dec = 3
Sum

Left
L1 = 500
L2 = 200
L3 = 300
L = 1000

Center
M1 = 100
M2 = 400
M3 = 100
M = 600

Right
R1 =1000
R2 =800
R3 =200
R =2000

i=1

for any real numbers a1 , ..., an , b1 , ..., bn . Using this inequality we have:

2
d
d
d
X
X
X
Mj2
(Lj + Mj t)
≥
Mj 
Lj + Mj t
j=1

j=1

j=1

P
Mj2
The left hand side = (L + M t) dj=1 Lj +M
,
jt
2
and the right hand side equals M . Hence
d
X
j=1

Mj2
M2
≥
Lj + Mj t
L + Mt

Similarly we can show that
d
X
j=1

Mj2
M2
≥
Rj + Mj − Mj · t
R+M −M ·t

Hence, for any t ∈ (0; 1) we have f 00 (t) ≤ 0.
This means that f 0 (t) is decreasing function
in the interval (0, 1).

The following example illustrates the properties of f 0 (t). Let us consider the interval
(cL , cR ) consisting of 600 objects. The class
distributions of intervals (−∞; cl ), (cL , cR )
and (cR ; ∞) are following:
For this data the graph of derivative f 0 (t) is
shown in the Figure 3.

The proved fact can be used to find the value
t0 , for which f 0 (t0 ) = 0. If such t0 exists, the
function f has maximum at t0 . Hence one can
estimate the Entropy measure of the best cut
within the interval [cL , cR ] (under assumption
about strong dependencies between classes) as
follows:
f 0 (1)

f 0 (t)

• If
≥ 0 then
> 0 for any
t ∈ (0; 1), i.e., f (t) is increasing function.
Hence cR is a best cut.
• If f 0 (0) ≤ 0 then f 0 (t) ≤ 0 for any
t ∈ (0; 1), i.e., f (t) is decreasing function.
Hence cL is a best cut.

Figure 3: The function f 0 (t)
• If f 0 (0) < 0 < f 0 (1) then locate the root
t0 of f 0 (t) using ”Binary Search Strategy”. Then the best cut in [cL , cR ] can be
estimated by N1 f (t0 )
5.2

Independency assumption case

In the independency model, one can try to
compute the expected value of the random
variable f (x1 , ..., xd ) using assumption that
for i = 1, ..., d, xi are random variables
with discrete uniform distribution over interval [0, Mi ].
First, we will show some properties of the
function h(x). Let x be a random variable
with discrete uniform distribution over interval [0; M ]. If M is sufficiently large integer,
the expected value of h(a + x) = (a + x) ·
log2 (a + x) can be evaluated by:
1
E(h(a + x)) '
M

ZM
(a + x) log(a + x)dx
0

We have
E(h(a + x)) =

1
M

a+M
Z
a



x log xdx

 a+M
1 x2 log x
x2
=
−
M
2
4 ln 2 a
(a + M )h(a + M ) − ah(a)
=
2M
2a + M
−
4 ln 2

Now one can evaluate the average value
1
N E(f (x1 , ..., xd )) of E(a, c; U ) by
P
E(h(L + x)) − dj=1 E(h(Lj + xj ))+
P
E(h(R + M − x)) − dj=1 E(h(Rj + Mj − xj ))

Conclusions

We presented the efficient approach for best
cut selection from large data bases based on
divide and conquer technique. The crucial
problem is to define an approximate measure
to evaluate the quality of intervals. In general, the problem seems very hard, but under some assumptions, one can construct such
measures. In previous papers we constructed approximate discernibility measures under
both independency and full dependency assumptions. We extended those results in this
paper for entropy measure. We plan to do
some experiments to compare the accuracy
and efficiency of different methods.
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