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Abstract. Bayesian network (BN) is a directed acyclic graph encoding
probabilistic independence statements between variables. BN with decision attribute as a root can be applied to classiﬁcation of new cases,
by synthesis of conditional probabilities propagated along the edges. We
consider approximate BNs, which almost keep entropy of a decision table. They have usually less edges than classical BNs. They enable to
model and extend the well-known Naive Bayes approach. Experiments
show that classiﬁers based on approximate BNs can be very eﬃcient.

1

Introduction

Bayesian network (BN) is a directed acyclic graph (DAG) designed to encode
knowledge about probabilistic conditional independence (PCI) statements between considered variables, within a given probabilistic space [6]. Its expressive
power increases while removing the edges, unless it causes a loss of control of
exactness of derivable PCI-statements. When mining real-life data, one needs
less accurate, approximate criteria of independence. We base such an approximation on the information measure of entropy [4], by letting a reasonably small
increase of its quantity during the edge reduction. It leads to approximate BNs
corresponding to approximate PCI-statements, introduced in [7].
BN can model the ﬂow of information in decision tables, while reasoning
about new cases. Necessary probabilities can be calculated directly from training
data, by substituting the foregoing decision values in a loop. One can maximize
the product of such probabilities and choose the most probable decision value.
This is, actually, an example of the bayesian reasoning approach (cf. [2]).
We analyze how the strategies of choosing the approximation threshold and
searching for corresponding approximate BNs can inﬂuence the new case classiﬁcation results. We extract optimal DAGs from data in a very basic way, just to
provide a material for simulations. Development of more sophisticated methods
is a direction for further research. Some algorithms for learning approximate
BNs are proposed in [8]. Various other approaches to extraction of classical BNs
(cf. [3]) are worth generalizing onto the approximate case as well.
Although BN-related framework can be regarded as purely probabilistic, let
us stress its relationship to the rough set theory [5], by means of correspondence between fundamental notions, like e.g. these of decision reduct and Markov
boundary (cf. [7]), as well as between optimization problems concerning extraction of approximate BNs and rough-set-based models from data (cf. [8]).
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Probabilities in Information Systems

Following [5], we represent data as information systems – tuples A = (U, A).
Each attribute a ∈ A is identiﬁed with function a : U → Va , for Va denoting
the set of all possible values on a. Let us assume ordering A = a1 , . . . , an .
For any B ⊆ A, consider B-information function, which labels objects u ∈ U
with vectors ai1 (u), . . . , aim (u), where values of aij ∈ B, j = 1, . . . , m, occur
due to the ordering on A. We denote this function by B : U → VBU , where
VBU = {B(u) : u ∈ U } is the set of all vectors of values on B occurring in A.
Classiﬁcation problems concern distinguished decisions to be predicted under information provided over conditional attributes. For this purpose, one represents data as a decision table A = (U, A ∪ {d}), d ∈
/ A. One can use various
classiﬁcation methodologies, provided, e.g., by statistical calculus [2]. Occurrence
of vd ∈ Vd conditioned by wB ∈ VBU , can be expressed as probability
PA (vd /wB ) = |{u ∈ U : B(u) = wB ∧ d(u) = vd }| / |{u ∈ U : B(u) = wB }| (1)
For a given α ∈ [0, 1], we say that α-inexact decision rule (B = wB ) ⇒α (d = vd )
is satisﬁed iﬀ PA (vd /wB ) ≥ α, i.e., iﬀ for at least α · 100% of objects u ∈ U such
that B(u) = wB we have also d(u) = vd . The strength of the rule is provided by
prior probability PA (wB ) = |{u ∈ U : B(u) = wB }| / |U |. It corresponds to the
chance that an object u ∈ U will satisfy the rule’s left side. One can consider such
probabilities not only for the case of a distinguished decision attribute at the
right side of a rule. In case of bayesian approaches to the new case classiﬁcation
one uses probabilistic rules with decision features involved in their left sides.

3

Probabilistic Decision Reducts

Each pair (B, u) ∈ P(A) × U generates approximate decision rule pointing at
the d(u)-th decision class. It is described by means of the following parameters:
Deﬁnition 1. Let A = (U, A∪{d}), B ⊆ A and u ∈ U be given. By the accuracy
and support coeﬃcients for (B, u) we mean, respectively, quantities
µd/B (u) = PA (d(u)/B(u))

µB (u) = PA (B(u))

(2)

In the context of the above coeﬃcients, the rough-set-based principle of reduction
of redundant information [5] corresponds to the following notion:
Deﬁnition 2. Let A = (U, A ∪ {d}) be given. B ⊆ A µ-preserves d iﬀ


∀u∈U µd/B (u) = µd/A (u)

(3)

B is a µ-decision reduct iﬀ it satisﬁes (3) and none of its proper subsets does it.
Property (3) is an example of a probabilistic conditional independence (PCI)
statement. Usually, PCI is deﬁned over subsets of variables considered within a
discrete product probabilistic space, over all possible conﬁgurations of vectors
of values. Since we deal with probabilistic distributions derived directly from
information systems, let us focus on the following, equivalent [7] deﬁnition:
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Deﬁnition 3. Let A = (U, A) and X, Y, Z ⊆ A be given. We say that Y makes
X conditionally independent from Z iﬀ
∀u∈U PA (X(u)/Y (u)) = PA (X(u)/(Y ∪ Z)(u))

(4)

Corollary 1. Let A = (U, A ∪ {d}) and B ⊆ A be given. B is a µ-decision
reduct iﬀ it is a Markov boundary of d within A, i.e., it is an irreducible subset,
which makes d probabilistically independent from the rest of A.

4

Entropy-Based Approximations

Each B ⊆ A induces in A = (U, A ∪ {d}) the bunch of inexact decision rules
B = B(u) ⇒µd/B (u) d = d(u) for particular objects u ∈ U . One can measure the
quality of B in terms of both accuracy and support of such rules.
Deﬁnition 4. Let A = (U, A ∪ {d}) and B ⊆ A be given. We put


GA (d/B) = |U | Πu∈U µd/B (u)
GA (B) = |U | Πu∈U µB (u)

(5)

GA corresponds to the measure of information entropy adapted to the rough set,
statistical and machine learning methodologies in various forms (cf. [4,7]).
Deﬁnition 5. Let A = (U, A) and X ⊆ A be given. By entropy of X we mean

HA (X) = − wX ∈V U PA (wX ) log2 PA (wX )
(6)
X
By entropy of X conditioned by Y we mean

HA (X ∪ Y ) − HA (Y )
HA (X/Y ) =
HA (X)

iﬀ Y = ∅
otherwise

(7)

Proposition 1. Let A = (U, A ∪ {d}) and B ⊆ A be given. We have equalities
HA (B) = − log2 GA (B)

HA (d/B) = − log2 GA (d/B)

(8)

Given the above interpretation of HA , let us focus on the following way of approximate preserving of accuracy under the conditional attribute reduction.
Deﬁnition 6. Let ε ∈ [0, 1), A = (U, A ∪ {d}) and B ⊆ A be given. We say that
B ε-approximately µ-preserves d iﬀ GA (d/B) ≥ (1 − ε)GA (d/A), i.e., iﬀ
HA (d/B) + log2 (1 − ε) ≤ HA (d/A)

(9)

We say that B is an ε-approximate µ-decision reduct (ε-approximate Markov
boundary) iﬀ it satisﬁes (9) and none of its proper subsets does it.
Deﬁnition 7. Let ε ∈ [0, 1), A = (U, A) and X, Y, Z ⊆ A be given. We say that
Y makes X conditionally ε-approximately independent from Z iﬀ
HA (X/Y ) + log2 (1 − ε) ≤ HA (X/Y ∪ Z)

(10)

Such a criterion of approximate probabilistic conditional independence is more
robust to possible ﬂuctuations in real life data. Moreover, we have equivalence
of the notions of independence and 0-approximate independence.
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Bayesian Networks

Bayesian network (BN) has the structure of a directed acyclic graph (DAG)
→
−
→
−
D = (A, E ), where E ⊆ A × A. The objective of BN is to encode conditional independence statements involving groups of probabilistic variables corresponding
to elements of A, in terms of the following graph-theoretic notion [6]:
→
−
Deﬁnition 8. Let DAG D = (A, E ) and X, Y, Z ⊆ A be given. We say that Y
d-separates X from Z iﬀ any path between any x ∈ X \ Y and any z ∈ Z \ Y
comes through: (1) a serial or diverging connection covered by some y ∈ Y ,1 or
(2) a converging connection not covered by Y , having no descendant in Y .2
Let us formulate the notion of BN in terms of data analysis:
→
−
Deﬁnition 9. Let A = (U, A) and DAG D = (A, E ) be given. We say that D
is a bayesian network for A iﬀ for any X, Y, Z ⊆ A, if Y d-separates X from Z,
then Y makes X conditionally independent from Z.
Theorem 1. ([6]) Let A = (U, A), A = a1 , . . . , an , be given. Let us assume
that for each table Ai = (U, {a1 , . . . , ai−1 } ∪ {ai }), i > 1, a µ-decision reduct Bi
→
−
is provided. Then we obtain a bayesian network D = (A, E ) deﬁned by
→ n
−
(11)
E = i=1 {b, ai  : b ∈ Bi }
In [7] the following approach to approximation of the notion of BN was proposed:
→
−
Deﬁnition 10. Let ε ∈ [0, 1), A = (U, A) and DAG D = (A, E ) be given. We
say that D is ε-approximately consistent with A iﬀ
HA (D) + log(1 − ε) ≤ HA (A)
where HA (D) =


a∈A

(12)

→
−
HA (a/{b ∈ A : b, a ∈ E }).

Condition (12) keeps the aggregate information induced by D-based local conditional distributions close to that encoded within the whole of PA (A).
→
−
Deﬁnition 11. Let ε ∈ [0, 1), A = (U, A), D = (A, E ) be given. We say that
D is an ε-approximate bayesian network (ε-BN) iﬀ for any X, Y, Z ⊆ A, if Y
d-separates X from Z, then Y makes X ε-approximately independent from Z.
The following result generalizes Theorem 1. In particular, any DAG D built on
the basis of µ-decision reducts is 0-approximately consistent with a given A, as
well as any 0-approximate bayesian network is a bayesian network.
Theorem 2. [7] Let ε ∈ [0, 1) and A = (U, A) be given. Each DAG which is
ε-approximately consistent with A is an ε-approximate BN for A.
1
2

Descriptions ‘serial ’, ‘diverging’ and ‘converging’ correspond to directions of arrows
meeting within a given path, in a given node
We say that b is a descendant of a iﬀ there is a directed path from a towards b in D
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BN-Based Classiﬁcation

Bayesian decision models are related to the analysis of approximations of distribution PA (A(u)/vd ). One can let u ∈ U be classiﬁed as having decision value
v = arg maxvd ∈Vd [prior(vd )PA (A(u)/vd )]

(13)

for prior : Vd → [0, 1]. Let us set up an arbitrary ordering A = a1 , . . . , an  and
denote by Vi the set of all values of ai . We decompose PA (A/d) by noting that
for any supported combination of values vd ∈ Vd , vi ∈ Vi , i = 1, . . . , n, one has
n
PA (v1 , . . . , vn /vd ) = i=1 PA (vi /vd , v1 , . . . , vi−1 )
(14)
Proposition 2. [7] Let A = (U, A ∪ {d}), A = a1 , . . . , an , be given. Assume
that for each table Ai = (U, {d, a1 , . . . , ai−1 } ∪ {ai }), i = 1, . . . , n, a µ-decision
reduct Bi has been found. For any u ∈ U , decision obtained by (13) equals to

v = arg maxvd ∈Vd prior(vd ) i: d∈Bi PA (ai (u)/vd , (Bi \ {d})(u))
(15)
The way of classifying objects in Proposition 2 corresponds to the DAG construction in Theorem 1, if applied to A = (U, A ∪ {d}), for d at the ﬁrst position
of the ordering over A ∪ {d}. We obtain a scheme of the bayesian classiﬁcation,
where conditional probabilities are propagated along the DAG structure, beginning with decision as the root. In particular, we obtain an interpretation of the
Naive Bayes approach (cf. [2]), formulated in terms of the following principle:

v = arg maxvd ∈Vd prior(vd ) a∈A PA (a(u)/vd )
(16)
→
−
D0 = (A ∪ {d}, E 0 ) corresponding to (16) is given by the following set of edges:

→
−
(17)
E 0 = a∈A {d, a}
If D0 is BN for A = (U, A ∪ {d}), then the performance of (16) is the same as in
case of (13) and (15). This is because in D0 any pair a, b ∈ A is d-separated by
d, so – according to Deﬁnition 9 – d makes them independent from each other.

7

Related Optimization Problems

BN can be regarded as optimal in terms of the law of encoding of PCI-statements
and/or performance of DAG-based classiﬁcation scheme (15). In both cases ε→
−
approximately consistent D = (A∪{d}, E ), which minimize quantity of Q1 (D) =
→
−
| E |, are worth ﬁnding. Let us consider the following exemplary measures as well:

U


a∈δ(d) |Vπ(a) |
U
d
Q3 (D) =
|Vπ(a) | Q2 (D) =
HA (π(a)) (18)
Q2 (D) =
|δ(d)|
a∈A

a∈A

−
→
→
−
where π(a) = {b ∈ A ∪ {d} : b, a ∈ E } and δ(a) = {b ∈ A ∪ {d} : b, a ∈ E }
denote, respectively, the sets of parents and children of node a ∈ A ∪ {d} in D.
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Q2 counts all distinct premises of inexact decision rules, which may occur while
using classiﬁcation scheme (15). Qd2 takes into account only these rules, which
directly participate to the classiﬁcation process. Q3 is partially correlated with
Q2 but it is more ﬂexible with respect to the rule supports.3
To search for classical BNs, one can begin with extracting initial (partial)
ordering and then search for locally optimal Markov boundaries [3]. One can
also search for (approximate) BNs over the space of DAGs or, as proposed in
[8], apply order-based genetic algorithm to work on permutations of nodes. The
following result explains, how one can construct ε-BNs by basing on orderings.
→
−
Proposition 3. Let ε ∈ [0, 1), A = (U, A), A = a1 , . . . , an  and E = {ai , aj  :
→
−
1 ≤ i < j ≤ n} be given. Set up an ordering over E . Consider the following steps:
→
−
→
−
(i) Take the ﬁrst e ∈ E , (ii) Check whether D = (A, E \ {e}) is ε-approximately
→
−
consistent with A, (iii) If it is, remove e from E , (iv) Repeat (i)-(iii) for foregoing
→
−
elements of E . DAG obtained at the end is an irreducible ε-BN for A.
Let us skip discussion about complexity of searching for BNs 4 and focus on
simulations showing what should be optimized to get the most eﬃcient classiﬁers.

8

Experimental Results

We analyzed several known benchmark data tables available at [1]. Experiments
were performed on relatively large data sets, all of them equipped with the
testing table and, in general, discrete values of attributes (DNA splices data set
was considered in its preprocessed version5 ). For a given ε ∈ [0, 1), ε-BNs were
created by using a method described in Proposition 3. The obtained networks
were then applied to classify the testing table, by using techniques described
in Section 6. The aim of our experiments was to learn how to choose the most
suitable optimization measures and the best levels of ε.
For each considered ε ∈ [0, 1) we generated randomly 50 DAGs with decision
as a root. Then we collected the classiﬁcation rates for the testing table. Average
classiﬁcation rates of 10 DAGs being the best with respect to each optimization
measure were calculated.6 During initial calculations the most interesting results
were obtained for the approximation thresholds near to that corresponding to
the DAG-based interpretation of Naive Bayes, i.e.:7


ε0 = 1 − 2HA (A/d)−

a∈A

HA (a/d)

(19)

Let us parameterize interval [0, 1) as follows:
[0, 1) = {εα , α ∈ R}
3
4
5
6
7

Qd3 ,

where

εα = 1 − (1 − ε0 )(1−α)
Qd2 ,

(20)

One could consider
deﬁned analogously to
as well as other measures.
We would like to refer the reader to [7] and [8] for further details.
It consists of 20 out of original 60 conditional attributes, each of them with 4 values.
Besides functions deﬁned by (18), we considered also other possibilities.
Indeed, ε0 ∈ [0, 1) deﬁned by (19) is the minimal approximation threshold, for which
→
−
DAG D0 = (A ∪ {d}, E 0 ), deﬁned by (17), is ε0 -approximately consistent with A.
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Results for εα -BNs with various levels of α ∈ R are shown in Table 1. In majority
of cases either Qd2 or Q3 turn out to be the best choice.
Table 1. Average rates of the proper classiﬁcation. Left: letter. Right: DNA splices.
α
Q1
Q2
Qd2
Q3
α
Q1
Q2
Qd2
Q3
0.0025 76.15% 76.28% 76.30% 76.28% 0.0008 95.54% 95.50% 95.66% 95.54%
0.04 76.32% 77.26% 76.65% 76.27% 0.0027 95.65% 95.43% 95.43% 95.67%
0.09 74.99% 75.42% 75.03% 75.56% 0.0064 94.32% 94.69% 95.07% 94.09%

Fig. 1 shows correlation between values of these functions (calculated on the
training data) and ﬁnal results of correct classiﬁcation of the test objects.
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Fig. 1. Values of quality measure (horizontal) and classiﬁcation results (vertical) for
letter (left, measure Q3 ) and DNA splices (right, measure Qd2 ) databases.

Fig. 2 shows that ε-BNs being optimized by using Qd2 and Q3 are signiﬁcantly
more eﬃcient than the average.
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Fig. 2. Classiﬁcation results on letter (left) and DNA splices (right) databases for
diﬀerent α values (horizontal): average and for minima of measures Q3 , Qd2 .

Some regularities repeat for all tables we have worked on: By setting α = 0 we
obtain fair εα -BNs, similar to ε0 -BN related to Naive Bayes. The most eﬃcient
α values are usually between 0.0005 and 0.005. After reaching some threshold
(depending on data) the average performance decreases but its diversiﬁcation
increases. It may lead to obtaining very good εα -BNs for suboptimal α ∈ R.
In Fig. 3 the best results found in our experiments are collected. The classiﬁcation rate of Naive Bayes method is signiﬁcantly exceeded, not only for optimal,
but often even for average (random-ordered) case. Classiﬁcation result for DNA
splices is one of the best ever obtained. It is also interesting to observe that
relatively small change of ε0 -BN may dramatically improve classiﬁcation rate.
Fig. 4 illustrates the case of improvement from 74.8% to 80.2%.
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Fig. 3. The best classiﬁcation results obtained during experiments.

9

Conclusions

9

8
15
4

Fig. 4. The best network found for
letter data (classiﬁcation rate: 80.2%).
Attributes are numbered starting with 0;
attribute 16 is a decision.

We considered approximate BNs, almost keeping entropy of a decision table. Experiments conﬁrmed potential eﬃciency of classiﬁers based on such BNs, depending on the choice of the approximation parameter and the strategy of searching
for optimal graphs. We extracted optimal DAGs from data in a very basic way,
just to provide a material for simulations. Development of more sophisticated
methods is a direction for further research. Some algorithms for learning approximate BNs are proposed in [8]. Various other approaches to extraction of
classical BNs (cf. [3]) are worth generalizing onto the approximate case as well.
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