Application of Discernibility Tables to Calculation
of Approximate Frequency Based Reducts
Maciej Borkowski1and Dominik Ślȩzak1,2
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Abstract. We provide the uniﬁed methodology for searching for approximate decision reducts based on rough membership distributions.
Presented study generalizes well known relationships between rough set
reducts and boolean prime implicants.

1

Introduction

The notion of a decision reduct was developed within the rough set theory ([2])
to deal with subsets of features being appropriate for description and classiﬁcation of cases within a given universe. In view of applications, the problem of
ﬁnding minimal subsets (approximately) determining a speciﬁed decision attribute turned out to be crucial. Comparable to the problem of ﬁnding minimal
(approximate) prime implicants for boolean functions ([1]), it was proved to be
NP-hard ([8]). On the other hand, relationship to the boolean calculus provided
by the discernibility representation enabled to develop eﬃcient heuristics ﬁnding
approximately optimal solutions (cf. [6], [7]).
In recent years, various approaches to approximating and generalizing the
decision reduct criteria were developed (cf. [6], [9]). An important issue here is to
adopt original methodology to be able to deal with indeterminism (inconsistency)
in data in a ﬂexible way. Basing on the discernibility characteristics, one can say
that a reduct should be meant as an irreducible subset of conditional features,
which discerns all pairs of cases behaving too diﬀerently with respect to a preassumed way of understanding inexact decision information. Another approach
is to think about a reduct as a subset, which approximately preserves initial
information induced by the whole of attributes.
In this paper we focus on frequency based tools for modeling inconsistencies
(cf. [3], [4], [9], [10]). It is worth emphasizing that introduced notion of a (approximate) frequency decision reduct remains in an analogy with the notion of
a Markov boundary, which is crucial for many applications of statistics and the
theory of probability (cf. [5]).
In Section 2 we outline basic notions of rough set based approach to data
mining. In Section 3 we recall the relationship between the notion of a rough
set decision reduct and a boolean prime implicant. Section 4 contains basic
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facts concerning the frequency based approach related to the notion of a rough
membership function. In Section 5 we generalize the notion of a µ-decision reduct
onto the parameterized class of distance based approximations. In Section 6 we
illustrate the process of extracting approximate frequency discernibility tables.

2

Decision Tables and Reducts

In the rough set theory ([2]), a sample of data takes the form of an information
system A = (U, A), where each attribute a ∈ A is identiﬁed with function a :
U → Va from the universe of objects U into the set Va of all possible values on
a. Reasoning about data can be stated as, e.g., a classiﬁcation problem, where
the values of a speciﬁed decision attribute are to be predicted under information
over conditions. In this case, we consider a triple A = (U, A, d), called a decision
table, where, for the decision attribute d ∈
/ A, values vd ∈ Vd correspond to
mutually disjoint decision classes of objects.
Deﬁnition 1. Let A = (U, A, d) and ordering A = a1 , . . . , a|A|  be given. For
any B ⊆ A, the B-ordered information function over U is deﬁned by
−−→
Inf B (u) = ai1 (u), . . . , ai|B| (u)
(1)
The B-indiscernibility relation is the equivalence relation deﬁned by
−−→
−−→
IN DA (B) = {(u, u ) ∈ U × U : Inf B (u) = Inf B (u )}

(2)

Each u ∈ U induces a B-indiscernibility class of the form
[u]B = {u ∈ U : (u, u ) ∈ IN DA (B)}

(3)

−−→
which can be identiﬁed with vector Inf B (u).
Indiscernibility enables us to express global dependencies among attributes:
Deﬁnition 2. Let A = (U, A, d) be given. We say that B ⊆ A deﬁnes d in A iﬀ
IN DA (B) ⊆ IN DA ({d})

(4)

or, equivalently, iﬀ for any u ∈ U A satisﬁes the object oriented rule of the form

(a = a(u)) ⇒ (d = d(u))
(5)
a∈B

We say that B ⊆ A is a decision reduct iﬀ it deﬁnes d and none of its proper
subsets does it.
Given B ⊆ A which deﬁnes d, we can classify any new case unew ∈
/ U by decision
rules of the form (5). The only requirement is that A must recognize unew with
respect to B, i.e., the combination of values observed for unew must ﬁt vector
−−→
Inf B (u) for some u ∈ U . Expected degree of the new case recognition is the
reason for searching for (approximate) decision reducts, which are of minimal
complexity, understood in various ways (cf. [6], [7], [8], [9]).
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Relationships with Boolean Reasoning

Results provided by the rough set literature state the problems of ﬁnding minimal (minimally complex) decision reducts as the NP-hard ones (cf. [6], [8], [9]).
It encourages to develop various methods for the eﬀective search for (almost)
optimal attribute subsets. These methods are often based on analogies to the
optimization problems known from other ﬁelds of science. For instance, let us
consider the following relationship:
Proposition 1. ([8]) Let A = (U, A, d) be given. The set of all decision reducts
for A is equivalent to the set of all prime implicants of the boolean discernibility
function


fA (a1 , . . . , a|A| ) =
a
(6)
i,j: cij =∅ a∈cij

where variables a correspond to particular attributes a ∈ A, and where for any
i, j = 1, . . . , |U |

{a ∈ A : a(ui ) = a(uj )} if d(ui ) = d(uj )
cij =
(7)
∅ otherwise
The above result enables to adopt heuristics approximating the solutions of the
well known problems of boolean calculus (cf. [1]) to the tasks concerning decision reducts (cf. [7], [8]). Obviously, the size of appropriately speciﬁed boolean
discernibility functions inﬂuences crucially the eﬃciency of adopted algorithms.
Deﬁnition 3. Let A = (U, A, d) be given. By the discernibility table for A we
mean the collection of attribute subsets deﬁned by
TA = {T ⊆ A : T = ∅ ∧ ∃i,j (T = cij )}

(8)

To obtain better compression of the discernibility function, one can apply the
absorption law related to the following characteristics.
Deﬁnition 4. Let A = (U, A, d) be given. By the reduced discernibility table for
A we mean the collection of attribute subsets deﬁned by
TA = {T ∈ TA : ¬ ∃ T  ∈TA (T 

T )}

(9)

Proposition 2. Let A = (U, A, d) be given. Subset B ⊆ A deﬁnes d in A iﬀ it
intersects with each element of the reduced discernibility table TA or, equivalently, iﬀ it corresponds to an implicant of the boolean function
 
gA (a1 , . . . , a|A| ) =
a
(10)
T ∈TA a∈T

Experiences concerning the performance of boolean-like calculations over discernibility structures (cf. [6], [7], [8]) suggest to pay a special attention to possibility
of re-formulation of the above relationship for other types of reducts.
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Rough Membership Distributions

In applications, we often deal with inconsistent decision tables A = (U, A, d),
where there is no possibility of covering the whole of universe by the exact
decision rules of the form (5). In case of such a lack of complete conditional
speciﬁcation of decision classes, one has to rely on a kind of representation of
initial inconsistency, to be able to measure its dynamics with respect to the
feature reduction. We would like to focus on the approach proposed originally
in [4], resulting from adopting the frequency based calculus to rough sets.
Deﬁnition 5. Let A = (U, A, d), linear ordering Vd = v1 , . . . , vr , r = |Vd |,
and B ⊆ A be given. We call a B-rough membership distribution the function
→
−
µ d/B : U → r−1 deﬁned by1
→
−
µ
(u) = µ
(u), . . . , µ
(u)
(11)
d/B

d=1/B

d=r/B



where, for k = 1, . . . , r, µd=k/B (u) = |{u ∈ [u]B : d(u ) = vk }| / |[u]B | is the
rough membership function (cf. [3], [4], [9], [10]) labeling u ∈ U with the degree
of hitting the k-th decision class with its B-indiscernibility class.
The following is a straightforward generalization of Deﬁnition 2:
Deﬁnition 6. Let A = (U, A, d) be given. We say that B ⊆ A µ-deﬁnes d in A
iﬀ for each u ∈ U we have
→
−
−
µ d/B (u) = →
µ d/A (u)
(12)
We say that B ⊆ A is a µ-decision reduct for A iﬀ it µ-deﬁnes d and none of
its proper subsets does it.
Rough membership distributions can be regarded as a frequency based source of
statistical estimation of joint probabilistic distribution over the space of random
variables corresponding to A ∪ {d}. From this point of view, the above notion is
closely related to the theory of probabilistic conditional independence (cf. [5]):
Given A = (U, A, d), subset B ⊆ A is a µ-decision reduct for A iﬀ it is a Markov
boundary of d with respect to A, i.e., iﬀ it is an irreducible subset, which makes
d probabilistically independent on the rest of A. This analogy is important for
applications of both rough set and statistical techniques of data analysis.
Proposition 3. (cf. [9]) Let A = (U, A, d) be given. Subset B ⊆ A µ-deﬁnes d
iﬀ it intersects with each element of the µ-discernibility table deﬁned by
µ

µ

TA = {T ⊆ A : T = ∅ ∧ ∃i,j (T = cij )}

(13)



where

−
−
{a ∈ A : a(ui ) = a(uj )} if →
µ d/A (ui ) = →
µ d/A (uj )
(14)
∅ otherwise
Proposition 3 relates the task of searching for optimal µ-decision reducts to the
procedure of ﬁnding minimal prime implicants, just like in the exact case before. Such a relationship enables us to design eﬃcient algorithms approximately
solving the NP-hard problem of extracting minimal Markov boundaries.
cµij =

1

P

For any r ∈ N, we denote by r−1 the (r-1)-dimensional simplex of real valued
vectors s = s[1], . . . , s[r] with non-negative coordinates, such that rk=1 s[k] = 1.
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5 Distance Based Approximations of Rough Memberships
Rough membership information is highly detailed, especially useful if other types
of inconsistency representation turn out to be too vague for given data. On the
other hand, it is too accurate to handle dynamical changes or noises in data
eﬃciently. To provide a more ﬂexible framework for the attribute reduction,
relaxation of criteria for being a µ-decision reduct is needed. The real valued
speciﬁcity of frequencies enables us to introduce the whole class of intuitive
approximations parameterized by the choice of: (1) the way of measuring the
distance between distributions, and (2) thresholds up to which we agree to regard
close states as practically indistinguishable:
Deﬁnition 7. (cf. [9]) Let r ∈ N be given. We say that  : 2r−1 → [0, 1] is a
normalized distance measure iﬀ for each s, s , s ∈ r−1 we have
(s, s ) = 0 ⇔ s = s
(s, s ) = (s , s)

(s, s ) ≤ (s, s ) + (s , s )

(s, s ) = 1 ⇔ ∃k=l (s[k] = s [l] = 1)

(15)

Deﬁnition 8. (cf. [9]) Let A = (U, A, d),  : 2r−1 → [0, 1], r = |Vd |, and
ε ∈ [0, 1) be given. We say that B ⊆ A (, ε)-approximately µ-deﬁnes d iﬀ for
any u ∈ U
−
−
(→
µ d/B (u), →
µ d/A (u)) ≤ ε
(16)
We say that B ⊆ A is a (, ε)-approximate µ-decision reduct iﬀ it µ-deﬁnes d
(, ε)-approximately and none of its proper subsets does it.
Proposition 4. (cf. [9]) Let  : 2r−1 → [0, 1] satisfying (15) and ε ∈ [0, 1) be
given. Then, the problem of ﬁnding minimal (, ε)-approximate µ-decision reduct
is NP-hard.
The above result states that for any reasonable way of approximating conditions
of Deﬁnition 5 we cannot avoid potentially high computational complexity of the
optimal feature reduction process. Still, the variety of possible choices of approximation thresholds and distances enables us to ﬁt data better, by an appropriate
tuning. In practice it is more handful to operate with an easily parameterized
class of normalized distance measures. Let us consider the following:
Deﬁnition 9. Let x ∈ [1, +∞) and r ∈ N be given. The normalized x-distance
measure is the function x : 2r−1 → [0, 1] deﬁned by formula



x(s, s ) =

1
x
|s[k] − s [k]|
2
r

1/x
(17)

k=1

One can see that for any x ∈ [1, +∞), function (17) satisﬁes conditions (15).
The crucial property of (x, ε)-approximations is the following:
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Proposition 5. Let A = (U, A, d), x ∈ [1, +∞), ε ∈ [0, 1) and B ⊆ A be given.
If B intersects with each element of the (x, ε)-discernibility table
x,ε

= {T ⊆ A : T = ∅ ∧ ∃i,j (T = cx,ε
ij )}

(18)

−
−
µ d/A (ui ), →
µ d/A (uj )) > ε
{a ∈ A : a(ui ) = a(uj )} if x(→
∅ otherwise

(19)

TA

where


cx,ε
ij =

then it (x, ε)-approximately µ-deﬁnes d in A . If B does not intersect with some
of elements of the above table, then it cannot (x, ε )-approximately µ-deﬁne d,
for any ε ≤ ε/2.

6

Examples of Discernibility Tables

Proposition 5 provides us with the uniﬁed methodology of calculating approximate distance based reducts. We can keep using the procedure introduced for
non-approximate decision reducts:
– For ε ∈ [0, 1), x ∈ [1, +∞), construct the reduced (by absorption) Tx,ε
A ;
– Find prime implicants for the corresponding (x, ε)-discernibility function.
It leads to a conclusion that one can apply well known discernibility based algorithms for the decision reduct optimization (cf. [6]) to searching for various
types of approximate reducts. Moreover, an appropriate choice of approximation parameters can speed up calculations by reducing the size of a discernibility
structure.
For an illustration, let us consider the exemplary decision table in Fig. 1. Since
it is enough to focus on (x, ε)-discernibility sets over pairs of objects discernible
by A, we present our table in the probabilistic form (cf. [10]), where each record
corresponds to an element u∗ ∈ U/A of the set of IN DA (A)-classes.
U/A
u∗1
u∗2
u∗3
u∗4
u∗5
u∗6

|[u∗i ]A |
10
10
10
10
10
10

a1
1
2
2
0
0
1

a2
1
1
2
1
0
2

a3
0
1
2
2
0
0

a4 a5
1
2
0
2
1
1
2
2
2
2
0
2

µd=1/A (u∗i )
0.1
1.0
0.2
0.8
0.4
0.1

µd=2/A (u∗i )
0.5
0.0
0.2
0.1
0.2
0.2

µd=3/A (u∗i )
0.4
0.0
0.6
0.1
0.4
0.7

Fig. 1. The probabilistic table of A-indiscernibility classes (6 classes) labeled with
their: (1) object supports (each supported by 10 objects); (2) A-ordered information
vectors (5 conditional attributes); (3) µ-decision distributions (3 decision classes).

In Fig. 2 we present the sizes of reduced (x, ε)-discernibility tables, obtained for
constant x = 2 under diﬀerent choices of ε ∈ [0, 1). The applied procedure of
their extraction looks as follows:
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– Within the loop over 1 ≤ i < j ≤ |U/A|, ﬁnd pairs u∗i , u∗j  corresponding to
distributions remaining too far to each other in terms of inequality
−
−
x(→
µ d/A (u∗i ), →
µ d/A (u∗j )) > ε

(20)

– Simultaneously, store corresponding (x, ε)-discernibility sets cx,ε
ij ⊆ A in a
temporary discernibility table, under an online application of absorption.
Fig. 2 contains also basic facts concerning exemplary attribute subsets obtained
by an application of simple, exemplary heuristics for searching for prime implicants. One can see that these subsets do satisfy conditions of Deﬁnition 8 for
particular settings.
x
2
2

ε
0
0.2

# pairs
15
12

# elts.
3
3

# impls.
4
4

avg.
2
2

2

0.4

7

4

8

2

2

0.6

5

3

5

1.8

2

0.8

1

1

3

1

found implicants
{1, 2}, {2, 3}, {2, 4}, {3, 4}
{1, 2}, {2, 3}, {2, 4}, {3, 4}
{1, 2}, {1, 3}, {1, 4}, {1, 5}
{2, 3}, {2, 4}, {3, 4}, {3, 5}
{1, 2}, {1, 4}, {1, 5}, {2, 4}
{3}
{1}, {2}, {3}

Fig. 2. Absorption-optimized discernibility tables obtained for the above exemplary
decision table, under various ε-thresholds and ﬁxed x = 2, where: (1-2) ﬁrst two
columns refer to (x, ε)-settings; (3) The # pairs column presents the number of pairs
of A-indiscernibility classes necessary to be discerned; (4) The # elts. column presents
the number of attribute subsets remaining in a discernibility table after applying the
absorption law; (5-7) The rest of columns contain the number, average cardinality, and
detailed list of attribute subsets found as prime implicants for corresponding boolean
discernibility functions.

7

Conclusions

We provide the uniﬁed methodology for searching for approximate reducts corresponding to various ways of expressing inexact dependencies in inconsistent
decision tables. In particular, we focus on rough membership reducts, which
preserve conditions→decision frequencies approximately, in terms of the choice
of a tolerance threshold and a function measuring distances between frequency
distributions.
Presented results generalize well known relationship between rough set reducts and boolean prime implicants onto the whole class of considered approximations. It leads to possibility of using the well known algorithmic framework
for searching for minimal decision reducts (cf. [6]) to the approximate µ-decision
reduct optimization.
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It is also worth emphasizing that introduced tools set up a kind of the rough
set bridge between the approximate boolean calculus and the approximate probabilistic independence models. This fact relates our study to a wide range of
applications dedicated, in general, to the eﬃcient extraction and representation
of data based knowledge.
Finally, described example illustrate how one can inﬂuence eﬃciency of the
process of the attribute reduction under inconsistency, by the approximation parameter tuning. Still, further work is needed to gain more experience concerning
the choice of these parameters in purpose of obtaining optimal models of the
new case classiﬁcation and data representation.
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