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Abstract. The concept of approximation is one of the most fundamental in rough set theory. In this work we examine this basic notion as well
as its extensions and modiﬁcations. The goal is to construct a parameterised approximation mechanism making it possible to develop multistage multi-level concept hierarchies that are capable of maintaining acceptable level of imprecision from input to output.

1

Introduction

The notion of concept approximation is a focal point of many approaches to
data analysis based on rough set theory. The original concept of indiscernibility
and approximation, as introduced by Pawlak in [5], is meant to provide a way
of dealing with inconsistency and incompleteness in data. Elegantly and simply
devised, the rough set approximations proved to be a useful tool in supporting
data-related tasks such as classiﬁcation, decision making, and description.
In the majority of rough set applications the approximations are used only at
some initial stage of inductive learning. However, in most cases the ﬁnal system
is based on extended representation. Majority of the existing solutions (see [2,3,
15]) make use of decision rules derived from data and accompanied with a recipé
for their usage. We show that approximations of concepts retrieved from such a
system can be enriched by using some patterns deﬁned by rule based classiﬁers
or other classiﬁers. Such approach is much more ﬂexible and better suited for
multi-stage reasoning schemes (see [11]) that are discussed further in the paper.
The importance of proper approximation choice becomes much more crucial
when it comes to construction of compound decision support and classiﬁcation
systems. These systems create higher level concepts using as building blocks not
only attribute values but also previously derived, more primitive concepts. The
lower level concepts may be created with use of approximate techniques as well.
Therefore, higher level concepts incorporate not only the imprecision resulting
from the way they are being constructed but also the imprecision inherited from
the lower level concepts. The crucial point is to assure the parameterised space of
possible approximations. Then, by proper tuning of parameters we may control
the proliferation of imprecision. In rough set terms this corresponds to setting
size and shape of boundary region.
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To illustrate the problems that require multi-layered approximation schemes
and compound concept approximation let us bring two examples related to
RoboCup [14] and WITAS project [11,17]. The RoboCup [14] is an initiative
aimed at fostering research in the ﬁeld of cooperative autonomous robotics by
construction of programs for control of robots which play football. The aim of
WITAS project is to construct an unmanned aerial vehicle (autonomous helicopter) capable of recognising the road situation underneath and take an appropriate action. The aircraft is equipped with several sensors, most importantly a video camera. In both examples, the decision making process should not only
take into account simple observations, but also the higher level concepts such as
situation of other objects on the ﬁeld.
The paper presents the topics sketched above in the following way. First,
the concept of rough set approximation is introduced and discussed. After that
we present and discuss the approximations induced by rule sets and concept
assessment schemes accompanying them. Finally we present how the proposed
approach deals with the issue of construction of compound concept hierarchies
while preserving approximation quality. We also make connections with the concept of parameterised approximation space [11] and ideas connected to the approach known as rough mereology [8,9].

2
2.1

Rough Set Preliminaries
Information Systems

An information system [5] is a pair S = (U, A), where U is a non-empty, ﬁnite set
of objects and A is a non-empty, ﬁnite set, of attributes. Each a ∈ A corresponds
to the function a : U → Va , where Va is called the value set of a. We associate
with any non-empty set of attributes B ⊆ A the B-information signature for
any object x ∈ U by inf B (x) = {(a, a(x)) : a ∈ B}. The set {infA (x) : x ∈ U }
is called the A-information set and it is denoted by IN F (S).
In supervised learning problems, objects from training set are pre-classiﬁed
into several categories or classes. To deal with such type of data we use decision
systems of the form S = (U, A, dec), where dec ∈
/ A is a distinguished attribute
called decision and elements of attribute set A are called conditions. In practice,
decision systems contain description of a ﬁnite sample U of objects from larger
(may be inﬁnite) universe U. Conditions are such attributes that their values are
known for all objects from U, but decision is a function deﬁned on the objects
from the sample U only. Usually decision attribute is a characteristic function
of an unknown concept or several concepts on a sample of objects. Without loss
of generality one can assume that the domain Vdec of the decision dec is equal
to {1, . . . , d}. The decision dec determines a partition {CLASS1 , . . . , CLASSd }
of the universe U , where CLASSk = {x ∈ U : dec(x) = k} is called the k-th
decision class of S for 1 ≤ k ≤ d. By class distribution of any set X ⊆ U we
denote the vector ClassDist(X) = n1 , . . . , nd , where nk = card(X ∩CLASSk )
is the number of objects from X belonging to the k-th decision class.
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Concept Approximation

In many real life situations, we are not able to give an exact deﬁnition of the
concept. Such uncertain situations are caused by either the lack of information
about the concept or by the richness of natural language. There are diﬀerent
approaches to deal with uncertain and vague concepts like multi-valued logics,
fuzzy set theory, and rough set theory. Using these approaches, concepts are deﬁned by “multi-value membership function” instead of classical “binary (crisp)
membership relations” (set characteristic functions). In particular, what we want
to underline in this paper, rough set approach oﬀers a way for establishing membership functions that is data-grounded and signiﬁcantly diﬀerent from others.
In rough set methods, it is assumed that there exists a concept X deﬁned
over the huge universe U of objects (X ⊆ U). The problem is to ﬁnd a description
of the concept X, which can be expressed in a predeﬁned descriptive language,
which is a set of formulas that are interpretable as subsets of U. In general, the
problem is to ﬁnd a description of a concept X in a language L2 (e.g., consisting
of boolean formulas deﬁned over subset of attributes) assuming the concept is
deﬁnable in another language L1 (e.g., natural language, or deﬁned by a set of
attributes).
Usually, the concept X is speciﬁed partially, i.e., value of characteristic function of X is given only on a small subset U ⊆ U called training sample. Such
information makes it possible to search for patterns in a given language deﬁning
on the training sample sets included (or suﬃciently included) in a given concept.
Observe that the approximations of a concept can not be deﬁned uniquely from
a given sample of objects. The approximations of the whole concept X are obtained by induction from given information on a sample U of objects (containing
some positive examples X ∩ U and negative examples X ∩ U ). Hence, the quality of such approximations should be veriﬁed on new testing objects. Thus we
propose to search for concept approximations gradually. Parameterised patterns
deﬁned by rough membership functions related to classiﬁers help to discover relevant patterns on the object universe extended by adding new testing objects.
In the paper we present illustrative examples of such parameterised patterns. By
tuning parameters of such patterns one can obtain patterns relevant for concept
approximation of the extended training sample by testing objects from U ∗ where
U ⊆ U∗ ⊆ U .
Due to bounds on expressiveness of language L in the universe U, we are
forced to ﬁnd some approximated rather than exact description of a given concept. Rough set methodology for approximation of a concept X ⊆ U, assuming
X and U − X are known only on a sample U ⊆ U, can be based on ﬁnding pairs
P = (L, U) of object sets in U satisfying the following conditions:
1. L, U, U \ L, U \ U are subsets of U expressible in the language L ;
2. L ∩ U ⊆ X ∩ U ⊆ U ∩ U ;
3. the set L (U) is maximal (minimal) in the family of sets deﬁnable in L
satisfying (2).
The sets L and U are called the lower approximation and the upper approximation of the concept X ⊆ U (generated by its sample on U ), respectively. The set
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BN = U \ L is called the boundary region of approximation of X. The set X
is called rough with respect to its approximations (L, U) if L = U, otherwise
X is called crisp in U. In practical applications the last constraint in the above
deﬁnition can be hard to satisfy. Hence, by using some heuristics sub-optimal
instead of maximal or minimal sets are constructed. The rough approximation
of concept can be also deﬁned by means of rough membership function.
A function f : U → [0, 1] is called a rough membership function of the concept
X ⊆ U approximated by (L, U) (assuming X and U − X are known only on a
sample U ⊆ U) if and only if L = Lf = {x ∈ U : f (x) = 1} and U = Uf = {x ∈
U : f (x) > 0}.
Rough set approximations [5,6] are fundamental and widely used in many
reasoning methods under uncertainty (caused, e.g., by the lack of some attributes). For a given information system S = (U, A) and an attribute set B ⊆ A,
one can deﬁne a B-indiscernibility relation IN D(B) assuming IN D(B) =
{(x, y) ∈ U × U : infB (x) = infB (y)} . Its equivalence classes are deﬁned by
[x]IN D(B) = {u ∈ U : (x, u) ∈ IN D (B)} for any object x ∈ U . The problem is
to deﬁne a concept X ⊆ U , assuming that only some attributes from B ⊆ A are
given. This problem is often speciﬁed by a decision system S1 = (U, B, decX ),
/ X. Attributes from B
where decX (u) = 1 for u ∈ X, and decX (u) = 0 for u ∈
determine the rough membership function µB
:
U
→
[0, 1] for the concept X
X
(x)
=
card(X
∩
[x]
by µB
)/card([x]
).
This
function, according to
IN D(B)
IN D(B)
X
the rough membership function deﬁnition, yields rough approximations of the
concept X by using indiscernibility classes:

 

LB (X) = LµB
= x ∈ U : µB
X (x) = 1 = x ∈ U : [x]IN D(B) ⊆ X
X

 

= x ∈ U : µB
UB (X) = UµB
X (x) > 0 = x ∈ U : [x]IN D(B) ∩ X = ∅
X
called the B-lower and the B-upper approximation of X in S, respectively. The
set BNB (X) = UB (X) \ LB (X) is called B-boundary region of the concept X.
Observe, in such deﬁnition of approximation we assume closed world assumption, i.e., the concept approximation problem is related to objects from the
information system S only. In inductive learning, it is necessary to extend the
rough set based approximations for objects outside U . Unfortunately, the lack
of generalisation in the process of attribute-based approximations implies that
there may exist objects x ∈ U \ U satisfying [x]IN D(B) ∩ U = ∅. Hence, for such
objects we are unable to make any decision. In the following sections we discuss
some extensions of approximations on supersets of U which are less sensitive to
the above mentioned problems.

3

Case-Based Approximations

In case-based reasoning methods, like k-NN (k-Nearest-Neighbour) method, it
is necessary to deﬁne a distance function between objects δ : U × U → R+ .
The problem searching for a relevant distance function for the given data set is
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not trivial, but at this point, let us assume that such function has been already
deﬁned.
In k-NN classiﬁcation method, the decision for a new object x ∈ U \ U is
made on the basis of the set N N (x; k) := {x1 , . . . , xk } ⊆ U with k objects from
U which are nearest to x with respect to the distance function δ. Usually k is a
parameter which can be set up by expert or constructed from experiment data.
The k-NN classiﬁers often use voting algorithm for decision making, i.e. the decision value for new object x can be predicted by: dec(x) = V oting(n1 , . . . , nd )
where ClassDist(N N (x; k)) = n1 , . . . , nd  is the class distribution of the set
N N (x, k) satisfying n1 + . . . + nd = k. The voting function can return the most
frequent decision value occurring in N N (x, k). In case of imbalanced data, the
vector n1 , . . . , nd  can be scaled w.r.t. global class distribution ﬁrst, and after
that the voting algorithm can be employed.
Now, we are going to present the rough approximation based on the sets
N N (x; k). Let us deﬁne a family of functions deﬁned by

if ni ≥ t2
1
ni −t1
1 ,t2
if ni ∈ (t1 , t2 )
(x)
=
µtCLASS
i
 t2−t1
0
if ni ≤ t1
where t1 < t2 < k, ni is the i-th coordinate in the class distribution of N N (x; k).
Any such function deﬁnes patterns described by means of the following formulas:
1 ,t2
i −t1
µtCLASS
(x) ◦ c, where ◦ ∈ {=, ≥, ≤, <, >} and c ∈ {0, 1, nt2−t1
}. One can tune
i
parameters of such formulas to obtain new relevant patterns for the concept
approximation on the considered extension of the universe by testing objects.

4

Rule-Based Approximations

Let S = (U, A, dec) be a decision system. Any implication of the form (ai1 =
v1 ) ∧ . . . ∧ (aim = vm ) ⇒ (dec = k) where aij ∈ A and vj ∈ Vaij , is called a
decision rule for the k-th decision class. Any decision rule r of the above form
can be characterised by following parameters:
–
–
–
–

length(r) = the number of descriptors in the premise of r;
[r] = carrier of r, i.e., the set of objects satisfying the premise of r.
support(r) = number of objects satisfying the premise of r;
k)
.
conf idence(r) = the measure of truth of the decision rule = card([r]∩CLASS
card([r])

In data mining, we are interested in searching for short, strong decision rules
with high conﬁdence. The linguistic features like “short”, ”strong” or “high conﬁdence” of decision rules can be formulated by means of their length, support or
conﬁdence. Many decision rule generation methods have been developed using
rough set theory (see e.g., [1,2,10,15]).
The rule based classiﬁcation methods work in three phases:
1. Learning phase: generates a set of decision rules RU LES(S) (satisfying some
predeﬁned conditions) from a given decision system S.

186

J. Bazan et al.

2. Rule selection phase: selects from RU LES(S) the set of such rules that can
be supported by x, where x ∈ U is a testing object. We denote this set by
M atchRules(S, x).
3. Decision making phase: makes a decision for x using some voting algorithm
for decision rules from M atchRules(S, x)
A rule based classiﬁer works as follows. Suppose we would like to decide if a
given object x ∈ U belongs to the i-th decision class. Let M atchRules(S, x)
= Ryes ∪ Rno , where Ryes is the set of all decision rules for i-th class matched
by x and Rno is the set of decision rules for other classes matched by x. We
assign two real values wyes , wno deﬁned by
wyes =


r∈Ryes

strength(r)

wno =



strength(r)

r∈Rno

where wyes , wno are called for and against weights of the object x, and
strength(r) is a normalised function depending on length(r), support(r),
conf idence(r) and some global information about the decision system S like
decision system size, global class distribution, etc. (see [1]). Using some relationships between wyes , wno the classiﬁer is predicting the decision.
Notice, that in such approach any classiﬁer can be identiﬁed with a membership function. We can deﬁne rule-based classiﬁers by a parameterised function
µCLASSk (x) of the following form:
IF max(wyes , wno ) < ω
 THEN µCLASSk (x) = 0
if wyes − wno ≥ θ
1
θ+(wyes −wno )
ELSE µCLASSk (x) =
if |wyes − wno | < θ
2θ

0
if wyes − wno ≤ −θ
where ω, θ are parameters that allow to search for new relevant patterns (pieces
of concept description) for the concept approximation (on the extension of the
initial training sample by testing objects).

5

Approximations of Compound Objects

As mentioned before, here we are not only concerned with approximation of
concepts that are described with simple attributes but also with higher level
concepts established from already existing ones. The idea is to use approximations in the way which gives us the ability to control the level of approximation
quality. To simplify notation let us assume that we have two concepts C1 and
C2 that are given by means of rule-based approximations derived from decision
systems SC1 = (U, AC1 , decC1 ) and SC2 = (U, AC2 , decC2 ).
Hence, we are given two sets of patterns for approximation of concepts C1 and
C1
C1
C2 (see Section 4). They can be obtained by tuning parameters {wyes
, wno
, ω C1 ,
C1
C2
C2
C2 C2
θ } and {wyes , wno , ω , θ } discussed previously. We want to establish a relC
C
evant set of patterns and parameters for the target concept C, i.e. {wyes
, wno
,
C C
ω , θ }.
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The issue is to deﬁne a decision system from which we can derive rules
determining approximations of C. Let us recall that both simpler concepts C1 ,
C2 and target concept C are deﬁned over the same universe U and are speciﬁed
on a sample U ⊆ U. To complete the construction of SC = (U, AC , decC ) we
need to specify AC ∪ {decC }. The decision attribute is known for an arbitrary
object x ∈ U and conditional attributes in (the simplest case of) our proposal
are either rough memberships for simpler concepts (A = {µC1 (x), µC2 (x)}) or
C1
C1
C2
C2
, wno
, wyes
, wno
}). In the former case we
weights for simpler concepts (A = {wyes
concentrate on the degree of inclusion while in the later case we take into account
the relationships with positive and negative information generated during object
classiﬁcation.
The rules used for C construction are making use of attributes that are in fact
classiﬁers themselves. Therefore, it is worth to stratify and interpret attribute domains for attributes in AC . Instead of using just a value of membership function,
weight or their combination, we would prefer to use linguistic statements such as
the likeliness of the occurrence of C1 is low. Hence, we have to map the attribute
value sets onto some limited family of subsets. It is quite natural to introduce
(linearly ordered) ranges of values, e.g., {negative, low, medium, high, positive},
what yields fuzzy-like layout of attributes. One may also consider the case when
these subsets overlap. Then, there may be more linguistic values related to attributes. Stratiﬁcation of attribute values and introduction of linguistic variable
attached to the strata provides a way for representing knowledge in more humanreadable format since for new object x∗ ∈ U \ U to be classiﬁed we may use rules
like:
If compliance of x∗ with C1 is high or medium and compliance of x∗ with C2 is
high then x∗ ∈ C.
Another advantage of imposing the division of attribute value sets lays in
extended control over ﬂexibility and validity of system constructed in this way.
We gain the ability of making system more stable and inductively correct and we
control the general layout of boundary regions that contribute to construction of
the target concept. The process of setting the intervals for attribute values may
be performed by hand or with use of automated methods for interval construction
e.g., clustering, template analysis, and discretisation. For some discussion of this
approach, related to rough neurocomputing and computing with words see [11].

6

Conclusions and Further Directions

In the paper we have presented a collection of basic ideas that redeﬁne the view
on the approximation of concepts in rough set framework. This is very initial
work and there is still much more to be done. Some of the techniques mentioned
in the paper are already implemented and may be tested (see e.g., [15]).
Still, there are much more issues that accompany the task of proper approximation construction. One of them is related to incremental construction
(incremental learning) of approximations. It is a big challenge to devise the
method that will be capable of learning an approximation from the sample U
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and then, given enriched (ﬁnite) sample U ∗ ⊃ U , extend the approximation with
few simple steps, without fundamental reconstruction.
Another interesting topic is the investigation of partially deﬁned rough membership functions. In this paper the set of objects, which are not belonging to
domain of rough membership function was treated as a part of boundary region
(see Section 4). This solution was caused by the fact that rough set methods
are based on 3-valued logics, and we are convinced that it can be improved by
introducing 4-value logics [16]. We will dwell on this idea in next papers.
Acknowledgements. This work was supported by KBN grant 8T11C02519
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