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Abstract. We discuss basic concepts for approximate reasoning about
information changes. Any rule for reasoning about information changes
speciﬁes how changes of information granules from the rule premise inﬂuence changes of information granules from the rule conclusion. Changes
in information granules can be measured, e.g., using expressions analogous to derivatives. We illustrate our approach by means of information
maps and information granules deﬁned in such maps.

1

Introduction

We discuss basic concepts for reasoning about information changes related, e.g.,
to changes in time or space [11]. Our approach has roots in rough mereology [12,
9,10]. The basic concepts used are information granules, measures of inclusion
and closeness of information granules and rules for reasoning about changes in
information granules. Information granules and their relevant changes used in
reasoning are assumed to be extracted from the underlying information maps.
In [13] we have shown that patterns deﬁned over information maps are relevant in data mining [1,4]. Any map consists of a transition relation on a set
of states, i.e., pairs (label, inf ormation(label)). Any label describes a context
in which information assigned to the label is relevant. Exemplary information
maps can be extracted from decision systems [8,6]. In this case one can take
attribute–value vectors as labels. The corresponding information is a subsystem
of a given decision system consisting of all objects consistent with the label.
Patterns over information maps describe sets of states expressible by means of
temporal formulas [3,2].
We investigate expressibility of information changes in comparison with the
changes of attribute value vectors in a family of descending neighborhoods of
given label e0 . We have found an analogy to derivative of information function f , mapping a set of labels onto an information set. Any rule for reasoning
about information changes speciﬁes how changes of information granules from
the rule premise inﬂuence changes of information granules from the rule conclusion. Changes in information granules can be measured, e.g., using expressions
analogous to derivatives. We illustrate our approach by means of information
maps and information granules deﬁned in such maps. The presented approach
can be extended to hierarchical information maps.
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Fig. 1. Information map.

2

Preliminaries

Let us recall notation [6]. In particular A = (U, A) denotes an information system
[8] with the universe U of objects and the attribute set A. Each attribute a ∈ A is
a function a : U → Va , where Va is the value set of a. For a given set of attributes
B ⊆ A we deﬁne the indiscernibility relation IN D(B) on universe U that splits
U into indiscernibility classes, i.e., sets {y ∈ U : a(x) = a(y) for any a ∈ B} for
any x ∈ U. Decision tables are denoted by A = (U, A, d) where d is the decision
attribute. The decision attribute d deﬁnes a partition of the universe U into
decision classes. An object x is inconsistent if there exists an object y such that
xIN D(A)y, but it belongs to a diﬀerent decision class than x, i.e., d(x) = d(y).
A positive region of the decision table A (denoted by P OS(A)) is the set of all
consistent objects.

3

Information Maps

Information maps [13] are usually generated from experimental data, like information systems or decision tables, and are deﬁned by means of some binary
(transition) relations on set of states. Any state consists of information label
and information extracted from a given data set corresponding to the information label. We present examples explaining the meaning of information labels,
information related to such labels and transition relations (in many cases partial
orders) on states. Such structures are basic models over which one can search
for relevant patterns for many data mining problems [13].
An information map A is a quadruple (E, ≤, I, f ), where E is a ﬁnite set
of information labels, a transition relation ≤ ⊆ E × E is a binary relation on
information labels, I is an information set and f : E → I is an information
function associating the corresponding information to any information label. In
Figure 1 we present an example of information map, where E = {e1 , e2 , e3 ,
e4 ,e5 }, I = {f (e1 ), f (e2 ), f (e3 ), f (e4 ), f (e5 )}, and ≤ is a partial order on E. A
state is any pair (e, f (e)) where e ∈ E. The set {(e, f (e)) : e ∈ E} of all states
of A is denoted by SA . The transition relation on information labels can be
extended to relation on states, e.g., in the following way: (e1 , i1 ) ≤ (e2 , i2 ) iﬀ
e1 ≤ e2 . A path in A is any sequence s0 s1 s2 . . . of states, such that (i) si ≤ si+1
and (ii) if si ≤ s ≤ si+1 then s = si or s = si+1 , for any i ≥ 0. A property of A
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Fig. 2. Information map of (a) information system; (b) temporal information system.

is any subset of SA . Let F be a set of formulas of given language. Property ϕ is
expressible in F iﬀ ϕ = α for some α ∈ F (α denotes the semantics of α).
We present two examples of information maps – more can be found in [13].
Any information system A = (U, A) deﬁnes its information map deﬁned by (i)
the set of labels E = IN F (A) = {InfB (x) : x ∈ U, B ⊆ A} where InfB (x) =
{(a, a(x)) : a ∈ B}, (ii) the relation (being a partial order on E) ≤ deﬁned by
u ≤ v iﬀ u ⊆ v for any u, v ∈ IN F (A), (iii) the information set I = {Av :
v ∈ IN F (A)} where Av = (Uv , Av ), Uv = {x ∈ U : ∀(a, t) ∈ v a(x) = t} and
attributes from Av are attributes from A restricted to Uv , (iv) the information
function f mapping IN F (A) into I is deﬁned by f (v) = Av for any v ∈ IN F (A).
In Figure 2 (a) three information vectors x = {(a, v)}, y = {(a, v), (c, w)} and
z = {(a, v), (d, u)} are shown satisfying conditions x ≤ y, x ≤ z. Our second
example is related to temporal information systems. A temporal information
system [14] is an information system A=({xt }t∈E⊆N , A) with linearly ordered
universe by xt ≤ xt iﬀ t ≤ t . Patterns in such systems are widely studied in
data mining (see, e.g., [7,11]). Any temporal information system A deﬁnes in a
natural way its information map. The information label set E is the set of all
possible time units and let the relation ≤ be the natural order on N restricted to
E. The information function f maps any given unit of time t into information
corresponding to an object of U related to t, i.e., f (t) = InfA (xt ). In this case
the map reﬂects temporal order of attribute value vectors ordered in time. An
example of such information map is presented in Figure 2 (b). The transition
relation in the ﬁrst example deﬁnes information changes in space (assuming the
objects are spatial) while the in second example the transition relation concerns
of time changes only. A combination of such transition relations may lead to a
spatio-temporal information map.

4

Exemplary Problem

Information maps can be used to formulate numerous problems relevant for data
mining. We present one example related to a speciﬁc kind of information maps –
maps for information systems and decision tables. For more examples the reader
is referred to [13]. Solutions of considered problems can be obtained by searching
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for good patterns in a relevant language. Such patterns express (temporal and/or
spatial) properties of given information system.
Let us consider an example.
Problem. For a given information map A of a given information system (or
decision table) A = (U, A), ﬁnd the minimal element e of E with respect to
partial order ≤, such that the set of subtables S(e) = {f (e ) : e ≤ e } satisﬁes
given constraints (expressible in a ﬁxed temporal logic).
One can choose such constraints in the following way. We look for such states
that the set of states reachable from them is suﬃciently large and has the following property: any two states s1 = (e1 , f (e1 )), s2 = (e2 , f (e2 )) reachable from
the state s = (e, f (e)) (i.e., s ≤ s1 and s ≤ s2 ) consist of decision subtables
f (e1 ), f (e2 ) with close positive regions. The closeness of positive regions can be
deﬁned by means of closeness measures of sets. Other possible choices can be
made using entropy or association rules parameterised by thresholds (support
and conﬁdence [1]) instead of positive regions.
In the new setting one can consider a generalization of association rules
[1] by considering implications α ⇒ β where α, β are some temporal formulas
from a ﬁxed temporal logic interpreted in an information map. The support and
conﬁdence can be deﬁned in an analogous way as in the case of the standard
association rules taking into account the speciﬁcity of states in information maps.
For example, one can search for such a pattern α of subtables that if a state s is
satisfying α then with certainty deﬁned by the conﬁdence coeﬃcient this state
has also property β (e.g., β means any path starting from such a state s consists
of a subtable with a suﬃciently small entropy). At the same time the set of states
satisfying α and β should be suﬃciently large to a degree deﬁned by the support
coeﬃcient. The temporal structure of association rules depends on application.

5

Reasoning Based on Information Changes

Discovery of relevant information changes in spatio-temporal information granules is a challenge. We discuss approximate reasoning based on information
changes using terminology from granular computing and rough mereology [12,
9,10]. In case of information maps one can talk about diﬀerent levels of information granules, e.g., elementary granules like labels, as well as about complex
granules being labels’ neighborhoods or sets of all labels reachable from a given
one by applying transition relation. In all such cases we would like to perform
reasoning based on information changes in such granules.
Let F : G → G where G is a set of granules. For a given granule e0 ∈ G
we can investigate how values of a function F change compared to changes
of an argument, for a sequence {ek } of granules becoming suﬃciently close to
e0 if k increases. To compare granules we can use, e.g., a closeness function
cl : G × G → [0, 1], so the presented idea may be expressed by the formula:
cl(F (e0 ), F (ek ))
cl(e0 , ek )

(1)
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If there exists limit of (1) for k → ∞ we can talk about the derivative of F in
point e0 . However, in case when G is a ﬁnite set such a limit may be trivial and
have no practical sense. Therefore, we are looking for minimal k0 such that for
any greater index the value of expression (1) does not change signiﬁcantly.
In the next section we present an example of application of above schema
for information maps: e0 is an elementary granule, i.e., label; {ek }k=1,2,... is a
descending family of neighborhoods of e0 ; F is an information function f . Notion
of derivative in above sense is important for many applications. For example, its
existence may be used to approximate of information changes on states reachable
from two close states.
5.1

Derivatives in Information Maps

Let A = (E, ≤, I, f ) be the information map of an information system A =
(U, A, d). Labels from E are elementary patterns from IN FA (A). For a given
label e0 , we estimate changes of information function f on a descending sequence
of neighborhoods of e0 , compared to the change of its argument (label). Assuming
a closeness measure cl : E × E → [0, 1] is given we deﬁne k − th neighborhood
of the label e0 by
1
Nk (e0 ) = {e : cl(e, e0 ) ≥ 1 − }.
(2)
k
cl(e0 , Nk (e0 )) is deﬁned by means of closeness degrees between e0 and all labels
from Nk (e0 ). Analogously, we deﬁne neighborhoods of the information corresponding to e0 as a set of information corresponding to all labels from Nk (e0 ):
Nk (f (e0 )) = {f (e) : cl(e, e0 ) ≥ 1 −

1
}
k

(3)

Finally, the measure of information change with respect to the argument (label)
change within some neighborhood Nk (e0 ) of label e0 can be expressed in terms
of closeness functions, i.e., by the following formula:
cl(f (e0 ), Nk (f (e0 )))
.
cl(e0 , Nk (e0 ))

(4)

Let us see, that because the number of labels is ﬁnite there exists l ≥ k such
that corresponding neighborhoods are trivial, i.e., Nl (e0 ), Nl+1 (e0 ), . . . are oneelement sets {e0 }. Analogously, neighborhoods deﬁned by f (e0 ), i.e., Nl (f (e0 )),
Nl+1 (f (e0 )), . . ., are one-element sets {f (e0 )}. Thus, the limit (in classical sense)
of (4), for k → ∞ is 1. Instead, we are looking for the minimal index k0 such
that for all neighborhoods, starting from k0 , if labels are close enough, so is the
corresponding information. Because {Nk (e0 )}k=1,2,... is a descending family of
neighborhoods of e0 (i.e., N1 (e0 ) ⊇ N2 (e0 ) ⊇ . . .) we can deﬁne the following
limit, for some threshold parameter δ ≥ 0:
δ − lim {Nk (e0 )} .
k→∞

(5)
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The neighborhood Nk0 (e0 ) is a δ-limit of {Nk (e0 )}k=1,2,... if and only if k0 is the
smallest number such that for each k ≥ k0


 cl(f (e0 ), Nk (f (e0 ))) cl(f (e0 ), Nk0 (f (e0 ))) 
 < δ.

−
(6)
 cl(e0 , Nk (e0 ))
cl(e0 , Nk0 (e0 )) 
cl(f (e ),N

(f (e )))

The number cl(e00 ,Nkk0 (e0 ))0 can be interpreted as derivative of an information
0
function f in point e0 with precision δ. Such notion can be used, e.g., to measure
closeness of states reachable from close sets.
5.2

Examples

Let us consider two examples of possible interpretations of presented ideas. In the
ﬁrst one the closeness between labels and deﬁned label’s neighborhood is based
on label’s syntax. By close labels we understand those described by the same
set of attributes assuming the corresponding descriptors are close each other. To
talk about a closeness between descriptors we assume they are numerical ones.
Let e1 = {(a, a1 ), (b, b1 ), . . .}, e2 = {(a, a2 ), (b, b2 ), . . .} and let Attr(e) be a set
of all attributes occurring in label e. Then the closeness between two descriptors
based on the same attribute we deﬁne by
cl((a, a1 ), (a, a2 )) = 1 −

|a1 − a2 |
|Va |

(7)

where |Va | is the length of interval being the domain (value set) of attribute a.
Let Attr(e1 ) = Attr(e2 ). We deﬁne closeness between e1 and e2 by
cl(e1 , e2 ) =

1
·
card(Attr(e1 ))



cl(e1 (a), e2 (a))

(8)

a∈Attr(e1 )

where e(a) is a descriptor of label e based on attribute a. In case when Attr(e1 ) =
Attr(e2 ) we deﬁne closeness of such labels as 0. Presented deﬁnition expresses
the idea that close labels are based on the same attributes and have close values.
That means that close labels are only those from the same level of information
map and they form an anti-chain of ≤ . Also the neighborhoods are deﬁned in
this manner.
It is easy to see that the distance based on such a deﬁnition of the closeness
function, i.e., d(e1 , e2 ) = 1 − cl(e1 , e2 ), is a metric.
The closeness of a label e0 and its neighborhood we deﬁne as an average
closeness between e0 and all of the labels from Nk (e0 ):
cl(e0 , Nk (e0 )) =

1
·
card(Nk (e0 ))



cl(e, e0 ).

(9)

e∈Nk (e0 )

Now, let us deﬁne the closeness between elements of an information set. It can
be expressed in terms of a chosen property of information systems determined
by labels. For example, for a given label e, we can consider the relative size of
positive region P OS(Ae ) where Ae is the decision table corresponding to e:
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 card(P OS(Ae )) card(P OS(Ae0 )) 


−
cl(f (e), f (e0 )) = 1 − 

card(Ue )
card(Ue0 )
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(10)

Thus, by close information systems we understand those having close relative
positive regions.
The closeness of an information system Ae0 and its neighborhood we deﬁne
as an average of closeness between Ae0 and all systems from Nk (f (e0 )):
cl(f (e0 ), Nk (f (e0 ))) =

1
·
card(Nk (e0 ))



cl(f (e), f (e0 )).

(11)

e∈Nk (e0 )

In the second example the closeness between labels is deﬁned on the syntax
level as well (see (8)) – so is the deﬁnition of label’s neighborhood. However, to
deﬁne the closeness between a label and its neighborhood we use labels’ semantics, i.e., corresponding sets of objects. It is worth to notice that if label e = e0
belongs to the neighborhood of e0 then universes of corresponding information
systems Ae and Ae0 , respectively, are disjoint.
sup
cl(e0 , Nk (e0 )) = 1 −

e∈Nk (e0 )

|card(Ue ) − card(Ue0 )|
sup

e∈Nk (e0 )

card(Ue )

(12)

The closeness between an information related to a label e0 and its neighborhood we deﬁne again in terms of the size of positive region. However, this
time we measure the degree of its change when we extend the universe of an
information system Ae0 using universes from the neighborhood:
cl(f (e0 ), Nk (f (e0 ))) =



 card(P OS(Ae0 ∪ Ae )) card(P OS(Ae0 )) 
}
−
{1 − 

card(Ue0 ∪ Ue )
card(Ue0 )
e∈Nk (e0 )/e0
sup

(13)

Let us see that now the deﬁnition of the derivative of an information function
f in point e0 is deﬁned as quotient where the numerator expresses degree of
change of the information (value) and the denominator degree of change of the
label (argument).

6

Conclusions and Directions for Further Research

We have discussed foundations for reasoning about information changes. An
illustrative example was used to present our approach. The approach can be
extended to a more general case assuming changes are measured by means of
information granules extracted from underlying relational structure (with many
transition relations and functions having spatial, temporal or spatio–temporal
nature). Such an approach can be based on hierarchical information maps deﬁned over a given relational structure. Information granules over hierarchical
information maps are sets deﬁned by means of formulas specifying properties
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of relational structures. More complex information granules and closeness measures between them are deﬁned recursively using a given relational structure and
previously deﬁned information granules as well as closeness measures [12]. This
more general case will be studied in next papers.
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