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Summary. We discuss information granulation applications in pattern recognition. The chapter consists of two parts. In the first part, we present applications of rough set methods for
feature selection in pattern recognition. We emphasize the role of different forms of reducts
that are the basic constructs of the rough set approach in feature selection. In the overview
of methods for feature selection, we discuss feature selection criteria based on the rough set
approach and the relationships between them and other existing criteria. Our algorithm for
feature selection used in the application reported is based on an application of the rough set
method to the result of principal component analysis used for feature projection and reduction. Finally, the first part presents numerical results of face recognition experiments using a
neural network, with feature selection based on proposed principal component analysis and
rough set methods. The second part consists of an outline of an approach to pattern recognition with the application of background knowledge specified in natural language. The approach is based on constructing approximations of reasoning schemes. Such approximations
are called approximate reasoning schemes and rough neural networks.

1

Introduction

Reduction of pattern dimensionality via feature extraction and feature selection
[9,17,21,22] is among the most fundamentals steps in data preprocessing. We present
rough sets methods and principal components analysis (PCA) in the context of feature selection in pattern recognition.
The chapter begins with a short introduction to rough set theory [28]. We emphasize
the special role of reducts in feature selection, including dynamic reducts [2,4,5].
Then, we present a short overview of a feature selection problem including openloop and closed-loop feature selection methods [9]. This section focuses the discussion on feature selection criteria, including rough set based methods. The next
section presents a short description of principal component analysis [9] as a method
of feature projection and reduction. It also contains a description of rough set-based
methods, proposed jointly with principal component analysis, for feature projection
and reduction. The following section describes the results of numerical experiments
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of face recognition using rough set based methods for feature selection and neural
networks. This section also contains a short description of feature extraction from
facial images using singular value decomposition (SVD).
The second part of the chapter consists of an outline of an approach, called the
rough-neurocomputing approach (see Chaps. 2 and 3), for pattern recognition with
an application of background knowledge specified in natural language. The approach is based on a rough mereological approach (see, e.g., [35]) for information
granule calculi. The goal of information granule calculi is to make it possible to
imitate reasoning in natural language by means of information granules. Such granules have a complex information structure representing approximations of reasoning
schemes in natural language over vague concepts. Reasoning schemes in natural language are built over vague concepts and relations between them creating ontologies.
In natural language we call them approximation reasoning schemes (AR schemes)
or rough neural networks. Our approach to pattern recognition is based on searching for clusters of objects close to a given standard (prototype) to a given degree.
Using the rough set approach, one can interpret such standards as the lower approximations of concepts. Moreover, methods for extracting special relationships, called
productions, between such clusters are emphasized. They correspond to local relationships between concepts from background knowledge. They make it possible to
conclude that a target concept is satisfied to a satisfactory degree for a given object if
the input concepts are satisfied to some satisfactory degree by input patterns related
to the object. A special method for composing such productions leads to derivations
of robust AR schemes. Any AR scheme guarantees that the target concept of such a
scheme is satisfied to a satisfactory degree for a given object if the input concepts for
this scheme are satisfied to some satisfactory degree by the object. AR schemes are
then used to induce approximations of more complex concepts from a knowledge
base, assuming that classifiers representing some primitive concepts have been constructed. In the second part of the chapter, we outline the approach, and we present
an illustrative example.

2 Preliminaries of Rough Sets
Rough set theory was introduced by Zdzisław Pawlak (see, e.g., [18,28]) to deal with
imprecise or vague concepts. In recent years, we have witnessed a rapid growth of
interest in rough set theory and its applications worldwide (see, e.g., [18, 30, 33, 34,
45, 52].
In this section, we present the basic concepts of rough set theory and some of its
extensions. A variety of methods for generating decision rules, reduct computation,
and continuous variable discretization are very important issues not discussed here.
We emphasize only the developed methodology based on discernibility and Boolean
reasoning for efficient computation of different constructs, including reducts and decision rules.
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Many other important issues are not covered here. Let us mention some of them.
The relationship of rough set theory to many other theories has been extensively
investigated. In particular, its relationships to fuzzy set theory, the theory of evidence, Boolean reasoning methods, statistical methods, and decision theory have
been clarified and seem to be thoroughly understood. There are reports on many
hybrid methods obtained by combining the rough set approach with others, such
as fuzzy sets, neural networks, genetic algorithms, principal component analysis,
and singular value decomposition [27]. Recently, it has been shown that the rough
set approach can be used for synthesizing concept approximations in a distributed
environment of intelligent agents. These issues related to various logics related to
rough sets and many advanced algebraic properties of rough sets are also not covered here. Readers interested in these issues are advised to consult [18,32,33,44]
and the bibliography included in these books and articles.

2.1 Basic Approach
The rough set approach is founded on the assumption that with every object of a
universe of discourse, we associate some information (data, knowledge). For example, if objects are patients suffering from a certain disease, then the symptoms
of the disease form information about patients. Objects characterized by the same
information are indiscernible (similar) in view of the available information about
them. The indiscernibility relation generated in this way is the mathematical basis
of rough set theory.
Any set of all indiscernible (similar) objects is called an elementary set and forms a
basic granule (atom) of knowledge about a universe. Any union of some elementary
sets is referred to as crisp (precise) set — otherwise, the set is rough (imprecise,
vague).
Consequently, each rough set has boundary-line cases, i.e., objects that cannot be
classified with certainty either as members of the set or of its complement. Obviously, crisp sets have no boundary-line elements at all. That means that boundaryline cases cannot be properly classified by employing the available knowledge.
Thus, the assumption that objects can be “seen” only through the information available about them leads to the view that knowledge has a granular structure. Due to the
granularity of knowledge, some objects of interest cannot be discerned and appear
the same (or similar). As a consequence, vague concepts (in contrast to precise or
crisp concepts) cannot be characterized in terms of information about their elements.
Therefore, in the proposed approach, we assume that any vague concept is replaced
by a pair of precise concepts — called the lower and the upper approximations of the
vague concept. The lower approximation consists of all objects that surely belong to
the concept, and the upper approximation contains all objects that possibly belong
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to the concept. Obviously, the difference between the upper and the lower approximations constitutes the boundary region of the vague concept. Approximations are
two basic operations in rough set theory.
2.2 Approximations and Rough Sets
We have mentioned in Sect. 2.1 that the starting point of rough set theory is the indiscernibility relation, generated by information about objects of interest. The indiscernibility relation is intended to express the fact that due to the lack of knowledge,
we are unable to discern some objects by employing the available information. It
means that, in general, we are unable to deal with each particular object, but we
have to consider clusters of indiscernible objects as fundamental concepts of our
theory.
Suppose that we are given two finite, nonempty sets U and A, where U is  the universe of objects, cases, and A is a set of attributes, features. The pair IS
U  A  is
called an information table. With every
attribute
a
 A  we associate a set Va , of its




values, called the domain of a. By a x  we denote a data pattern a 1 x  an x 
defined by the object x and attributes
from A
a1  an  A data pattern of IS

is any feature value vector v
v1  vn  where vi  Vai for i 1  n such that
v a x  for some x  U 


Any subset B of A determines a binary relation I B  on U, called the indiscernibility relation, defined by




xI B  y if and only if a x 



a y  for every a  B 

(1)



where a x  denotes the value of attribute a for object x 


Obviously
I B  is an equivalence relation. The family of all equivalence
classes


of I B  , i.e., the partition determined
by
B,
will
be
denoted
by
U
I
B
 , or simply

U B; an equivalence class of I B  , i.e., the block of the partition U B containing x 
will be denoted by B x 




If x  y   I B   we will say that x and y are B-indiscernible. Equivalence classes
of the relation I B  (or blocks of the partition U B) are referred to as B-elementary
sets. In the rough set approach, elementary sets are the basic building blocks (concepts) of our knowledge about reality. The unions of B-elementary sets are called
B-definable sets.
The indiscernibility relation will be further used to define basic concepts of rough
set theory. Let us define now the following two operations on sets:


B  X   x  U : B x  X 


 
B X   x  U : B x  X  0/ 

(2)
(3)
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assigning to every subset X of the universe U two sets B  X  and B X  called the
B-lower and the B-upper approximation of X, respectively. The set,


 



B X  B  X 

BNB X 

(4)

will be referred to as the B-boundary region of X 


/ then the set X is
If the boundary region of X is the empty set, i.e., BNB X 
0,

/ the set X is
crisp (exact) with respect to B; in the opposite case, i.e., if BNB X   0,
referred to as rough (inexact) with respect to B.
A rough set can be also characterized numerically, e.g., by the following coefficient:


αB X 









B X 


B X 

(5)

 

/
called the accuracy of approximation,
where X denotes the cardinality of X  0.

Obviously, 0  αB X  1. If αB X 
1  then
X is crisp with respect to B (X is

precise with respect to B), and otherwise, if αB X  1, then X is rough with respect
to B (X is vague with respect to B).
Several generalizations
of the rough set approach based on approximation spaces

defined by U  R  , where R is an equivalence relation (called the indiscernibility relation) in U, have been reported in the literature (for references, see the papers and
bibliography in [18,32,33,44]. Let us mention two of them.


A generalized approximation space can be defined as AS
U  I  ν  where I is the
uncertainty function defined on U with values in the power set P U  of U [I x  is the
neighborhood
of x] and ν is the inclusion function defined on the Cartesian product


P U  P U  with values in the interval 0  1 measuring the degree of inclusion of

sets. The lower AS  and upper AS approximation operations can be defined in AS
by
 

AS  X   x  U : ν I x  X 
 

 
AS X   x  U : ν I x  X 


1 

(6)

0 

(7)


In the case discussed above, I x  is equal to the equivalence class B x  of the indiscernibility
relation I B  ; when a tolerance
(similarity) relation τ  U  U is given,


we let I x 
y  U : xτy , i.e., I x  is equal to the tolerance class of τ defined by x.

The standard inclusion relation is defined by ν X  Y   XX Y if X is nonempty, and

otherwise, ν X  Y 
1  For applications, it is important to have some constructive
definitions of I and ν.


One can consider another way to define I x  . Usually, together with AS, we consider some set F of formulas describing sets of objects in the universe U of AS
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defined by semantics 
set,

NF x 

AS ,

i.e., α

AS 

α  F : x  α

U for any α  F  Now, one can take the


AS

and I x 

α

AS 

(8)



where α is selected or constructed
from NF x  Hence, more general uncertainty

functions having values in P P U  can be defined (see also Chap. 3). The parametric approximation spaces are examples of such approximation spaces. These spaces
have interesting applications. For example, by tuning their parameters, one can
search for the optimal, under chosen criteria (e.g., the minimal description length),
approximation space for a concept description.
The approach based on inclusion functions has been generalized to the rough mereological approach. The inclusion relation xµr y with intended meaning x is part of y
to a degree r has been taken as the basic notion of rough mereology that is a generalization of Leśniewski mereology. Rough mereology offers a methodology for synthesizing and analyzing objects in a distributed environment of intelligent agents, in
particular, for synthesizing of objects satisfying a given specification in satisfactory
degree or for control in such complex environment. Moreover, rough mereology has
been recently used for developing foundations of information granule calculus, an
attempt toward formalization of the computing with words paradigm recently formulated by Lotfi Zadeh [58]. Research on rough mereology has shown the importance of another notion, namely, the closeness of complex objects (e.g., concepts).
This can be defined by xclr r y if and only if xµr y and yµr x  The inclusion and closeness definitions of complex information granules are dependent on applications.
However, it is possible to define the granule syntax and semantics as a basis for the
inclusion and closeness definitions.
Finally, let us mention that approximation spaces are usually defined as parameterized approximation spaces. In the simplest case, the parameter set is defined by
the power set of a given feature set. By parameter tuning, the relevant approximation
space is selected for a given data set and target task.

2.3 Rough Sets and Membership Function
Rough sets can also be introduced by using a rough membership function, defined
by

 
X  B x
B
   
µX x 
(9)
B x


Obviously, 0  µBX x   1  Hence, the value of the membership function for a given
object x can be interpreted as the degree of overlap between the indiscernibility class
of x and the set X  One can also interpret this value as the conditional probability
that an object from the indiscernibility class defined by x belongs to X 
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The rough membership function can be used to define approximations and the boundary region of a set, as shown here:




x  U : µBX x 

B X 
 


: µBX

1 

(10)

x U
x
0 

x  U : 0  µBX x   1 

B X

BNB X 

(11)
(12)

2.4 Decision Tables and Decision Rules


Sometimes, in an information table U  A  , it is useful to distinguish a partition
of A into two classes C  D  A of attributes,  called condition and decision (action) attributes, respectively. The tuple DT
U  C  D  is called a decision table
(system). Any such decision table where U
u1  uN  C
a1  an and
D
d1   dk can be represented
by
a
data
sequence
(also
called
data
set) of data


patterns
v
 target1  vN  targetN  where vi
C
x
 targeti
D xi  and
1
i






Ci
a1 xi   an xi   Di
d1 xi  dk xi   for i 1  N  It is obvious
that

any data sequence also defines a decision table. The equivalence classes of I D  are
called decision classes.









Let V
Va a  C Vd . Atomic formulas over B  C D and V are expressions a v called descriptors (selectors) over B and V , where a  B and v  Va .
The set F B  V  of formulas over B and V is the least set containing all atomic
formulas over B and V and closed with respect to the propositional connectives
(conjunction), (disjunction) and (negation).









By ϕ DT , we denote the meaning of ϕ  F B  V  in the decision table DT which
is the set of all objects in U with the property ϕ. These sets are defined as folx  U a x
v  ϕ ϕ DT
ϕ DT  ϕ DT ; ϕ ϕ DT
lows: a v DT
ϕ DT
ϕ DT ; ϕ DT U
ϕ DT 

 

 







 



The formulas from F C  V  , F D  V  are called condition formulas of DT and decision formulas of DT , respectively.
Any object x  U belongs to a decision class
a Da
cision classes of DT create a partition of the universe U.



a x

DT

of DT  All de

A decision
rule for DT is any expression of the form ϕ ψ, where ϕ  F C  V  ,

/ Formulas ϕ and ψ are referred to as the predeψ  F D  V  , and ϕ DT  0.
cessor and the successor of decision rule ϕ
ψ. Decision rules are often called
“IF  T HEN  ” rules.
Decision rule ϕ
ψ is true in, DT if and only if ϕ DT 
ψ DT . Otherwise,
one can measure its truth degree by introducing some inclusion measure of ϕ DT
in ψ DT (see Chap. 3).
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Each object x of a decision table determines a decision rule,


a x

a



a x 

a

(13)

a D

a C

Decision rules corresponding to some objects can have the same condition parts
but different decision parts. Such rules are called inconsistent (nondeterministic,
conflicting, possible); otherwise, the rules are referred to as consistent (certain, sure,
deterministic, nonconflicting) rules. Decision tables containing inconsistent decision
rules are called inconsistent (nondeterministic, conflicting); otherwise, the table is
consistent (deterministic, nonconflicting).
When a set of rules has been induced from a decision table containing a set of
training examples, they can be inspected to see if they reveal any novel relationships
between attributes that are worth pursuing for further research. Furthermore, the
rules can be applied to a set of unseen cases to estimate their classificatory power.
For a systematic overview of rule application methods, the reader is referred to
bibliographies included in [18,32,33,44].
2.5 Dependency of Attributes
Another important issue in data analysis is discovering dependencies between attributes. Intuitively, a set of attributes D depends totally on a set of attributes C,
denoted C D, if the values of attributes from C uniquely determine the values of
attributes from D. In other words, D depends totally on C, if there exists a functional
dependency between values of C and D 
Formally, dependency can be defined in the following way. Let D and C be subsets
of A.


We will say that D depends on C to a degree k 0  k  1  , denoted C
k
where





γ C  D


POSC D 





POSC D 
 

U

 



C X 

k

D, if
(14)

(15)

X U D

called a positive region of the partition U D with respect to C, is the set of all elements of U that can be uniquely classified in blocks of the partition U D by means
of C  If k 1, we say that D depends totally on C, and if k  1, we say that D
depends partially (to a degree k) on C. The coefficient k expresses the ratio of all
elements of the universe, which can be properly classified in blocks of the partition
U D  employing attributes C and will be called the degree of the dependency. It can
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be easily seen that if D depends totally on C  then I C   I D  This means that the
partition generated by C is finer than the partition generated by D. Notice that the
concept of dependency discussed above corresponds to that considered in relational
databases. Summing up D  is totally (partially) dependent on C, if all (some) elements of the universe U can be uniquely
classified in blocks of the partition U D,

employing C  The coefficient 1 γ C  D  can be called the inconsistency degree of
the DT [24].

2.6 Discernibility and Boolean Reasoning
The ability to discern between perceived objects is important in constructing many
entities such as reducts, decision rules, and decision
algorithms. In the classical

rough set approach, the discernibility relation DIS B   U  U is defined by




xDIS B  y if and only if non xI B  y 

(16)

However, this is generally not the case
for generalized approximation
spaces [one



can define indiscernibility by x  I y  and discernibility by I x   I y 
0/ for any
objects x  y].
Boolean reasoning [7,8,42] is based on constructing for a given problem P a corresponding Boolean function f P with the following property: the solutions of problem
P can be decoded from prime implicants of the Boolean function f P . Let us mention
that to solve real-life problems, it is necessary to deal with Boolean functions that
have a huge size and a large number of variables.
A successful methodology based on the discernibility of objects and Boolean reasoning has been developed for computing many important, for applications entities
such as reducts and their approximations (see the following section), decision rules,
association rules, discretization of real value attributes, symbolic value grouping,
searching for new features defined by oblique hyperplanes or higher order surfaces,
pattern extraction from data as well as conflict resolution or negotiation (for references, see the papers and bibliographies in [18,32,33,44]).
Most of the problems related to generating of the above mentioned entities are NPcomplete or NP-hard [46]. However, it was possible to develop efficient heuristics
returning suboptimal solutions of the problems. The results of experiments on many
data sets are very promising. They show very good quality of solutions generated
by the heuristics in comparison with other methods reported in the literature (e.g.,
with respect to the classification quality of unseen objects). Moreover, they are very
efficient from the point of view of time necessary for computing the solution.
It is important to note that the methodology allows us to construct heuristics having
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a very important approximation property which can be formulated as follows: expressions generated by heuristics (i.e., implicants) close to prime implicants define
approximate solutions for the problem.
2.7 Reduction of Attributes
We often face the question whether we can remove some data from a data table and
preserve its basic properties, that is, whether a table contains some superfluous data.
Let us express this idea more precisely.
Given an information
system IS  a reduct is a minimal set of attributes B  A such

that I A 
I B  . In other words, a reduct is a minimal set of attributes from A that
preserves the original classification defined by the set A of attributes. Finding a minimal reduct is NP-hard; one can also show that for any m (sufficiently large), there
exists an information system with m attributes having a number of reducts exponential in m. There exist, fortunately, good heuristics that compute sufficiently many
reducts with the required properties (e.g., related to their length) in an acceptable
time.
Let IS be an information system with n objects. The discernibility matrix of IS is a
symmetrical n  n matrix with entries ci j as given below. Each entry consists of the
set of attributes upon which objects xi and x j differ.
ci j







a  A a xi   a x j 

for i  j

1  n 

(17)

A discernibility function f IS for an information system IS is a Boolean function of


m Boolean variables a1  am (corresponding to the attributes a1  am ) defined
by
 

 
fIS a1  am 
ci j 1  j  i  n, ci j  0/ 
(18)





where ci j

a









a  ci j . In the sequel, we will write ai instead of ai .

The discernibility function f IS describes constraints which should be preserved if
one would like to preserve discernibility between all pairs of discernible objects
from IS. It requires us to keep at least one attribute from each nonempty entry of
the discernibility matrix, i.e., corresponding to any pair of discernible objects. One
can show [46] that the sets of all minimal sets of attributes preserving discernibility
between objects, i.e., reducts correspond to prime implicants of the discernibility
function fIS .
The intersection of all reducts is the so-called core. It is well known that choosing a random reduct as a relevant set of features in an information system will
give rather poor results. Hence, several techniques have been developed to select
relevant reducts or their approximations. Among them is one based on so-called dynamic reducts [2,4]. The attributes are considered relevant if they belong to dynamic
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reducts with a sufficiently high stability coefficient, i.e., they appear with sufficiently
high frequency in random samples extracted from a given information system.
There are several kinds of reducts considered for decision tables. We will discuss
one of them. Let A
U  A  d  be a decision system (i.e., we assume, for simplicity of notation that the set D of decision attributes consists of only one element
d,

D
d and C A). The generalized decision in A is the function ∂A : U  P Vd 
defined by




∂A x 
i x  U x IND A  x and d x 
i 
(19)











A decision system A is called consistent (deterministic), if ∂A x 
1 for any x  U,
otherwise, A is inconsistent (nondeterministic). Any set consisting of all objects
with the same generalized decision value is called a generalized decision class. Decision classes are denoted by Ci  where the subscript denotes the decision value.


It is easy to see that a decision system
A is consistent
if and only if POSA d 
U.


Moreover, if ∂B ∂B , then POSB d 
POSB d  for any pair of nonempty sets
B  B  A. Hence, the definition of a decision-relative
reduct: a subset B  A is a rel
ative reduct if it is a minimal set such that POSA d   POSB d  . Decision-relative
reducts may be found from a discernibility matrix M d A 
cdij  assuming





cdij

ci j



0/





d if ∂A xi 







1 or ∂A x j 
otherwise.



1

(20)



Matrix M d A  is called the decision-relative discernibility matrix of A . Construction of the decision-relative discernibility function from this matrix follows the construction of the discernibility function from
the discernibility matrix. One can show

that the set of prime implicants of f Md A  defines the set of all decision-relative
reducts of A .
Since the core is the intersection of all reducts, it is included in every reduct, i.e.,
each element of the core belongs to some reduct. Thus, the core is the most important subset of attributes since none of its elements can be removed without affecting
the classification power of attributes.
Yet another kind of reduct, called reduct relative to objects, can be used for generating minimal decision rules from decision tables ([18,44]).
In some applications, instead of reducts, we prefer to use their approximations
called α-reducts,
where α  0  1 is a real parameter. For a given information sys
tem A
U  A  the set of attributes B  A is called α-reduct if B has a nonempty
intersection with at least α  100% of nonempty sets ci  j of the discernibility matrix
of A .
Different kinds of reducts and their approximations are discussed in the literature
as basic constructs for reasoning about data represented in information systems or

610

A. Skowron, R.W. Swiniarski

decision tables (see, e.g., [3,48,49]). It turns out that they can be efficiently computed using heuristics based on the Boolean reasoning approach.

3 Feature Selection
Feature selection is a process of finding a subset of features from the original set of
features forming patterns in a given data set, optimal according to the given goal of
processing and the criterion. An optimal feature selection is a process of finding a
subset,
Aopt
a1  opt  a2  opt  am  opt 
(21)
of A, which guarantees accomplishing
a processing goal by minimizing a defined

feature selection criterion Jfeature Afeature subset  . A solution of an optimal feature selection does not need to be unique.
One can distinguish two paradigms in data model building and potentially, in an
optimal feature selection (minimum construction paradigms): the Occam’s razor
and minimum description length principle [40].
By virtue of the minimum construction idea, one of the techniques for best feature
selection could be based on choosing a minimal feature subset that fully describes all
concepts (for example, classes in prediction-classification) in a given data set [1,28].
Let us call this paradigm a minimum concept description. However, this approach,
good for a given (possibly limited) data set, may not be appropriate for processing
unseen patterns. A robust processing algorithm with an associated set of features
(reflecting complexity) is a trade-off between the ability to process a given data set
versus generalization ability.
The second general paradigm of optimal feature selection, mainly used in classifier
design, relates to selecting a feature subset that guarantees the maximal betweenclass separability for reduced data sets. This relates to the discriminatory power of
features.
Feature selection methods consists of two main streams [6,11,13,16]: open-loop
methods and closed-loop methods.
Open loop methods (filter method) are based mostly on selecting features using a
between-class separability criterion [9,11]. They do not use feedback from predictor quality for the feature selection process.
Closed-loop methods [16] also called wrapper methods, are based on feature selection using predictor (classifier) performance (and thus forming feedback in processing) as a criterion of feature subset selection. A selected feature subset is evaluated using as a criterion, Jfeature Jpredictor a performance evaluation Jpredictor of
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a whole prediction algorithm for the reduced data set containing patterns with the
selected features as patterns elements.
Let us consider the problem of defining a feature selection criterion
for a predic
tion task based on an original data set T containing N cases a  target constituted
of n-dimensional input patterns a and a target pattern of output. Assume that the mfeature subset Afeature  A ought to be evaluated on the basis of the closed-loop type
criterion. A reduced data set Tfeature , with patterns containing only m-features from
the subset Afeature , should be constructed. Then, a type of predictor PRfeature (for example, k-nearest neighbors, or neural network), used for feature quality evaluation,
should be decided. This predictor ideally should be the same as a final predictor PR
for a whole design; however, in a simplified suboptimal solution, a computationally less expensive predictor can be used only for feature selection. Let us assume
that, for the feature set A considered, a reduced feature data set A feature has been
selected and a predictor algorithm PRfeature based on Afeature , used for feature evaluation, decided. Then, evaluation of feature quality can be provided by using one of
the methods used for the final predictor evaluation. This will require defining a performance criterion, JPRfeature , of a predictor PRfeature , and an error counting method
that will show how to estimate performance by averaging results. Consider as an
example, a holdout error counting method for predictor performance evaluation. To
evaluate the performance of a predictor PRfeature , an extracted feature data set Tfeature
is split into a Ntra case training
set Tfeature  tra and a Ntest case test set Tfeature  test (hold
out for testing). Each case aif  targeti  of both sets contains a feature pattern aif
labeled by targeti . The evaluation criteria can be defined separately for prediction
classification and prediction regression.
We will consider a defining feature selection criterion for
a prediction classification

task, when a feature subset Tfeature case contains pairs a f  ctarget  of a feature input
pattern a f and a categorical type target ctarget taking a value corresponding to one
of the possible r decision classes Ci . The quality of classifier PRfeature , computed on
the basis of the limited size test set Tfeature  test with Ntest patterns, can be measured by
using the following performance criterion JPRfeature (here equal to a feature selection
criterion Jfeature ):
nall miscl
JPRfeature Jˆall miscl
 100% 
(22)
Ntest
where nall miscl is the number of all misclassified patterns and Ntest is the number of
all tested patterns. This criterion estimates the probability of error from the relative
frequency of error. Usually, cross-validation techniques are used to obtain better estimation of predictor quality.
An overview of feature selection methods can be found in [22,23]. Let us only
mention that several methods of feature selection are inherently built into a predictor design procedure [39] and some methods of feature selection merge feature
extraction with feature selection. A feature reduction (pruning) method for a self-
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organizing neural network map, based on concept description, is suggested in [25].
We will concentrate in this chapter on the rough set approach to feature selection
and on some relationships of rough set methods with existing ones.
3.1 Feature Selection Based on Rough Sets
The rough set approach to feature selection can be based on the minimal description
length principle [40] and methods for tuning parameters of approximation spaces to
obtain high-quality classifiers based on selected features. We have mentioned before
an example of such parameter with possible values in the power set of the feature
set, i.e., related to feature selection. Other parameters can be used, e.g., to measure
the closeness of concepts [44].
One can distinguish two main steps in this approach.
In the first step, by using Boolean reasoning, relevant kinds of reducts from given
data tables are extracted. These reducts preserve exactly the discernibility (and some
other) constraints (e.g., reducts relative to objects for minimal decision rule generation).
In the second step, reduct approximations are extracted by parameter tuning. These
reduct approximations allow shorter concept description than the exact reducts, and
they still preserve the constraints to a sufficient degree to guarantee, e.g., sufficient
approximation quality of the described (induced) concept [44].
In using rough sets for feature selection, two cases can be distinguished, global and
local feature selection schemes. In the former case, the relevant attributes for the
whole
data table are selected, whereas in the latter case the descriptors of the form,

a  v  where a  A and v  Va  are selected for a given object. In both cases, we are
searching for relevant features for object classification. In the global case, we are
searching for features defining a partition (or covering) of the object universe. This
partition should be relevant for describing the approximation of a partition (or part
of it) defined by decision attribute. In the local case, we are extracting descriptors
defining a relevant neighborhood for a given object with respect to a decision class.
Using rough sets [2,4,28,52] for feature selection was proposed in several contributions (see, e.g., [53,54]). The simplest approach is based on calculation of a core
for a discrete attribute data set containing strongly relevant features and reducts
containing a core plus additional weakly relevant features, such that each reduct is
satisfactory for description of concepts in the data set. Based on a set of reducts
for a data set, some criteria for feature selection can be formed, for example, selecting features from a minimal reduct, i.e., a reduct containing a minimal set of
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attributes. Dynamic reducts were proposed to find a robust (well-generalizing) feature subset [2,4]. The selection of a dynamic reduct is based on the cross-validation
method. Methods of dynamic reduct generation have been applied to relevant feature extraction, e.g., for dynamic selection of features represented in discretization
as well as in the process of inducing relevant decision rules. Some other methods
based on noninvasive data analysis and rough sets are reported in [12]. Let us now
summarize the applications of rough set methods for feature selection in a closed
loop. The method is based on searching first for short (dynamic) reducts or reduct
approximations. This step can be realized using, for example, software systems such
as ROSETTA (see http://www.idi.ntnu.no/˜ aleks/rosetta/rosetta.html) or RSES (see
alfa.mimuw.edu.pl). It can be based on genetic algorithms with the fitness function
measuring the quality of the selected reduct approximation B-dependent, among
others, on (1) the quality of the reduct approximation by the set B; (2) the cardinality of the feature set B; (3) the discernibility power of the feature set B with respect to
the discernibility between decision classes measured, e.g., by means of the approximation quality of a D-reduct by B; (4) the number of equivalence classes created
by a feature set on a given data set and/or the number of rules generated by this set
[57]; (5) the closeness of concepts [44]; and (6) the conflict resolution strategy [55].
The parameters used to specify and compose the above components into a fitness
function are tuned in an evolutionary process to obtain the classifier of the highest
quality using the feature set B. The classifier quality is measured by means of the
quality of new object classification. Let us finally mention recently reported results
based on ensembles of classifiers constructed on the basis of different reducts (see,
e.g., [57]). For more details on the application of rough sets to feature selection in a
closed loop, refer to Chap. 3.
In the following sections, we point out some relationships of the rough set approach
with existing methods for feature selection. The conclusion is that these methods
are strongly related to extracting different kinds of reducts.

3.2 Relevance of Features
There have been both deterministic and probabilistic attempts to define feature relevancy [1,16,28].
Let us denote by ai a vector of features (attributes),


a1  a2  ai

1

ai


1 

an 

obtained from the original feature vector a by removing ai . By vi is denoted a value
of ai ([16]).
A feature ai is relevant if there exists some value vi of that feature, a decision value
(predictor output) v, and value vi (generally a vector) for which P ai vi 
0 such
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v  ai

Pd

vi ai



vi   P d

v  ai

vi 

(23)

In the light of this definition, a feature ai is relevant if the probability of a target
(given all features) can change if we remove knowledge about a value of that feature.
In [16], other definitions of strong and weak relevance were introduced.
A feature ai is strongly relevant if there exists some value of that feature vi , a value v
(predictor output) of decision d and a value vi of a ai for which P ai vi  ai vi  0
such that




(24)
P d v ai vi  ai vi   P d v ai vi 
Strong relevance implies that a feature is indispensable, i.e., its removal from a feature vector will change prediction accuracy.


Let us assume that DT
U  A  d  is a decision table where V d
cision d defines the (target) decision classes
DCs
x  U d x

We define a new decision table DTd
U  A  dA  assuming


dA x 

µ

A 
C1





x  µCAs x 

for x  U 

1  r  The des for s 1  r
(25)

It means that the new decision is equal to the probability distribution defined by the
case (object) x in decision table DT  Now, one can show that the reducts relative to
such a decision, called frequency related reducts [50], are reducts of the type discussed above.
One can also define reducts corresponding to the relevant features specified by
means of the following definition of a relevant feature.
A feature ai is weakly relevant if it is not strongly relevant, and there exists a subsequence bi of ai , for which there exist some value of that feature vi , a decision value
(predictor output) v of d, and a value vi of vector bi , for which P ai vi  bi vi  0
such that




P d v bi vi  ai vi   P d v bi vi 
(26)
We can observe that weak relevance indicates that a feature might be dispensable
(i.e., not relevant); however, sometimes (combined with some other features), it may
improve prediction accuracy.
A feature is relevant if it is either strongly relevant or weakly relevant, otherwise, it
is irrelevant. We can see that irrelevant features will never contribute to prediction
accuracy and thus can be removed.
It has been shown in [16] that for some predictor designs, feature relevancy (even
strong relevancy) does not imply that a feature must be in an optimal feature subset.
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3.3 Criteria Based on Mutual Information
Entropy can be used as a mutual information measure of a data set for feature selection. Let us consider a decision table (data set) DT  U  A  d   Assume that
A
a1  an  Then any n-dimensional pattern vector a x 
a1 x  an x  
where x  U is labeled by a decision class from DC
DC1  DCr  The value
of a mutual information measure for a given feature set B  A can be understood
as the suitability of feature subset B for classification. If initially only probabilistic
knowledge about classes is given, then the uncertainty associated with the data can
be measured by the entropy,
r





∑ P DCi 

E DC 



log2 P DCi 

(27)

i 1



where P DC
 is the a priori probability of a class DCi occurrence. It is known that
 i
entropy E DC  is an expected amount of information needed for class prediction.





As a measure of uncertainty, the conditional entropy E C B  upon the subset of
features B can be defined for discrete features as









r





∑ P v  ∑ P DCi v 

E DC B 





log2 P DCi v  

(28)

i 1

all v

More generally, for continuous features,




E DC B 





all v

p v



r





∑ P DCi v 





log2 P DCi v  

(29)

i 1





where p v  is a probability density function. The mutual information MI C  B  between the classification and feature subset B is measured by a decrease in uncertainty about the prediction of classes, given knowledge about patterns v formed
from features B


Jfeature B 



MI DC  B 







E DC  E DC B 

(30)

One can consider entropy related reducts [50] and Boolean reasoning to extract
relevant feature sets with respect to the entropy measure. Moreover, using Boolean
reasoning, one can search for frequency related reducts that preserve probability
distributions to a satisfactory degree.

3.4 Criteria Based on an Inconsistency Count
An example of criteria for feature subset evaluation can be the inconsistency measure [24,28].

616

A. Skowron, R.W. Swiniarski

The idea of attribute reduction can be generalized by introducing a concept of significance of attributes that enables us to evaluate attributes not only in the two-valued
scale dispensable–relevant (indispensable) but also in the multivalue case by assigning to an attribute a real number from the interval 0  1 that expresses the importance
of an attribute in the information table.
The significance of an attribute can be evaluated by measuring the effect of removing the
attribute from an information table. It was shown previously that the

number γ C  D  expresses the degree of dependency between attributes C and D
or the accuracy
of the approximation of U D by C  It may now be checked how

coefficient γ C  D) changes
when attribute
a is removed. In other words, what the


difference is between γ C  D) and γ C
a  D  The difference is normalized, and
the significance of attribute a is defined by




γ C  D  γ C

γ C  D



σ C  D a


a  D



1

γC
a  D


γ C  D

(31)



Coefficient σC  D a  can be understood as a classification error which occurs when
attribute a is dropped. The significance coefficient can be extended to sets of attributes as follows:




γ C  D  γ C

γ C  D



σ C  D B


B  D



1

γ C B  D


γ C  D

(32)

The inconsistency
rate used in ([24]) for a reduced data set can be expressed by

Jinc B 
σ C  D B 


Another possibility is to consider as relevant the features that come from approximate reducts of sufficiently high quality.
Any subset B of C is called an approximate reduct of C and the number,


ε C  D B






γ C  D  γ B  D 

γ C  D



1

γ B  D


γ C  D

(33)

is called an error of reduct approximation. It expresses how exactly the set of attributes B approximates the set of condition attributes C with respect to determining D.
Several other methods of reduct approximation based on measures different from
the positive region have been developed. All experiments confirm the hypothesis
that by tuning the level of approximation the quality of the classification of new
objects may be increased in most cases. It is important to note that it is once again
possible to use Boolean reasoning to compute the different types of reducts and to
extract relevant approximations from them.
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3.5 Criteria Based on Interclass Separability
Some of the criteria for feature selection that are based on interclass separability
are based on the idea of Fisher’s linear transformation: a good feature (with high
discernibility power) should cause a small within-class scatter and a large betweenclass scatter [9,11,13].
The rough set approach also offers methods for dealing with interclass separability. In [43], so-called D-reducts have been investigated. These reducts preserve not
only discernibility between required pairs of cases (objects), but they also allow us
to keep the distance between objects from different decision classes above a given
threshold (if this is possible).

3.6 Criteria Based on a Minimum Concept Description
Open-loop type criteria of feature selection based on a minimum construction paradigm were studied [1] in machine learning and in statistics for discrete features of
noise-free data sets. The straightforward technique of best feature selection could
choose a minimal feature subset that fully describes all concepts (for example,
classes in classification) in a given data set (see, e.g., [1,28]).
Here a criterion of

feature selection could be defined as Boolean function Jfeature B  with value one if a
feature subset B is satisfactory for describing all concepts in a data set; otherwise, it
has a value of zero. The final selection would based on choosing a minimal subset
for which a criterion gives a value of one.
The idea of feature selection, with the minimum concept description criterion, can
be extended by using the concept of reduct defined in the theory of rough sets
[28,44]. A reduct is a minimal set of attributes that describes all concepts. However,
a data set may have many reducts. If we use the definition of the above open-loop
feature selection criterion, we can see that for each reduct B  we have the maximum value of the criterion Jfeature B  . Based on a paradigm of the minimum concept description, we can select a minimum length reduct as the best feature subset.
However, the minimal reduct is good for ideal situations, where a given data set
fully represents a domain of interest. For real-life situations and limited-size data
sets, other reducts (generally other feature subsets) might be better for generalizing
prediction. A selection of a robust (generalizing) reduct, as a best open-loop feature
subset, can be supported by introducing the idea of a dynamic reduct [2,4] or by an
ensemble of classifiers defined by reducts [57].

3.7 Feature Selection with Individual Feature Ranking
One straightforward feature selection procedure is based on an evaluation of the
predictive power of individual features, then ranking such evaluated features, and
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eventually choosing the first best m features [20]. A criterion applied to an individual feature could be of either the open-loop or closed-loop type. This algorithm has
limitations and assumes independence of features. It also relies on an assumption
that the final selection criterion can be expressed as the sum or products of the criteria evaluated for each feature independently. It can be expected that a single feature
alone may have very low predictive power, whereas this feature, when put together
with others, may demonstrate significant predictive power.
One can attempt to select a minimal number m̂ of the best ranked features that guarantees performance better or equal to a defined level according to a certain criterion
Jfeature  ranked . One criterion for evaluating the predictive power of a feature could be
defined by the rough set measure of significance of the feature (attribute), discussed
before.

4 Principal Component Analysis and Rough Sets for Feature
Projection, Reduction, and Selection
Orthonormal projection and reduction of pattern dimensionality may improve the
recognition process by considering only the most important data representation, possibly with uncorrelated elements retaining maximum information about the original
data and with possible better generalization abilities.
We will discuss PCA for feature projection and reduction, followed by the joint
method of feature selection using PCA and the rough set method.

4.1 Principal Component Analysis for Feature Projection and Reduction
We generally assume that our knowledge of a domain is represented as a limited-size
sample of N random n-dimensional patterns x  Rn representing extracted object
features. We assume that an unlabeled training data set T
x1  x2  xN can
T
1
2
be represented as an N  n data pattern matrix X
x  x  xN . The training
data set can be characterized by the square n  n dimensional covariance matrix
Rx . Assume that the eigenvalues of the covariance matrix Rx are arranged in the
decreasing order λ1 λ2  λn 0 (with λ1 λmax ), with the corresponding
orthonormal eigenvectors e1  e2  en . Then the optimal linear transformation



 





y

Ŵx 

(34)

is provided using the m  n optimal Karhunen-Loéve transformation matrix Ŵ (denoted also by WKLT ),
Ŵ

e

1



T
 e2   em 

(35)
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composed of m rows that are the first m orthonormal eigenvectors of the original data
covariance matrix Rx . The optimal matrix Ŵ transforms the original n-dimensional
patterns x into m-dimensional (m  n) feature patterns y 
Y



ŴXT 

T

XŴT 

(36)

minimizing the mean least square reconstruction error. The PCA method can be effectively used for feature extraction and dimensionality reduction by forming the
m-dimensional (m  n) feature vector y containing only the first m most dominant
principal components of x. The open question remains, which principal components
to select as the best for a given processing goal. One of the possible methods (criteria) for selecting a dimension of a reduced feature vector y is to choose a minimal
number of the first m most dominant principal components y1  y2  ym of x for
which the mean square reconstruction error is less than the heuristically set error
threshold ε. Another method may assume selecting the minimal number of the first
m most dominant principal components for which a percentage V of a sum of unused
eigenvalues of a sum of all eigenvalues,
∑ni m 1 λi
100% 
∑ni 1 λi


V

(37)

and is less than a defined threshold ζ 
We have applied PCA, with the resulting Karhunen–Loéve transformation (KLT)
[9,11,6], for orthonormal projection (and reduction) of reduced singular value decomposition (SVD) patterns xsvd  r representing recognized face images.
The selection of the best principal components for classification is yet another feature selection problem. In the next section, we will discuss an application of rough
sets to feature selection/reduction.

4.2 Application of Rough Set Based Reducts for Selecting of Discriminatory
Features from Principal Components
The PCA, with the resulting linear Karhunen–Loéve projection, provides feature
extraction and reduction optimal from the point of view of minimizing the reconstruction error. However, PCA does not guarantee that selected first principal components, as a feature vector, will be adequate for classification. Nevertheless, the
projection of high-dimensional patterns into lower dimensional orthogonal principal component feature vectors might help to provide better classification for some
data types.
In many applications of PCA, an arbitrary number of the first dominant principal
components is selected as a feature vector. However, these methods do not cope
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with the selection of the most discriminative features well suitable for classification. Even assuming that the Karhunen–Loéve projection can help in classification
and can be used as a first step in the feature extraction/selection procedure, still an
open question remains, “which principal components to choose for classification?”
One of the possibilities for selecting features from principal components is to apply
rough set theory [28,44]. Specifically, defined in rough sets, the computation of a
reduct can be used for selecting some principal components. Thus, these principal
components will describe all concepts in a data set. For a suboptimal solution, one
can choose the minimal length reduct or dynamic reduct as a selected set of principal components forming a selected, final feature vector. The following steps can be
proposed for the PCA and rough sets based procedure for feature selection. Rough
sets assume that a processed data set contains patterns labeled by associated classes
with the discrete values of its elements (attributes, features). We know that PCA
is predisposed to transform patterns with real-valued features (elements) optimally.
Thus, after realizing the Karhunen–Loéve transformation, the resulting projected
pattern features must be discretized by some adequate procedure. The resulting discrete attribute valued data set (an information system) can be processed using rough
set methods.
Let us assume that we are given a limited-size data set T , containing N cases labeled by associated classes,
T

 1 1


x  ctarget  x2  c2target  xN  cNtarget 


(38)



Each case xi  citarget  (i 1  2  N) is constituted of an n-dimensional real-valued
pattern xi  Rn with corresponding categorical target class citarget . We assume that a
data set T contains Ni (∑li Ni N) cases from each categorical class ci , with the total
number of classes denoted by l.
Since PCA is an unsupervised method, first, from the original, class labeled data
set T , a pattern part is isolated as an N  n data pattern matrix,
x1
x2




X












(39)



xN
which each row contains one pattern. The PCA procedure is applied to the extracted
pattern matrix X, with a resulting full size an n  n optimal Karhunen–Loéve matrix WKL (where n is the length of the original pattern x). Now, according to the
designer decision, the number m  n of first dominant principal components has
to be selected. Then, the reduced m  n Karhunen–Loéve matrix ŴKL , containing
only the first m rows of the full size matrix W, is constructed. Applying the matrix
WKL the original n-dimensional pattern x can be projected, using transformation
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y ŴKL x, into the reduced m-dimensional pattern y in the principal component
space. The entire projected N  m matrix Y of patterns can be obtained by the formula Y XŴTKL .
At this stage, the reduced, projected data set, represented by Y (with real-valued
attributes), has to be discretized. As a result, the discrete attribute data set represented by the N  m matrix Yd is computed. Then, the patterns from Yd are labeled
by corresponding target classes from the original data set T . They form a decision
table DTm with m-dimensional principal component related patterns. From the decision table DTm  one can compute the selected reduct Afeature  reduct of size l (for
example, minimal length or dynamic reduct) as a final selected attribute set. Here, a
reduct computation is a pure feature selection procedure.
Once the selected attribute set has been found (as a selected reduct), the final discrete attribute decision table DT f  d is composed. It consists of those columns from
the discrete matrix Yd that are included in the selected feature set Afeature  reduct . Each
pattern in DT f  d is labeled by the corresponding target class. Similarly, one can obtain a real-valued resulting reduced decision table DT f  l extracting (and adequately
labeling by classes) those columns from the real-valued projected matrix Y that are
included in the selected feature set Afeature  reduct . Both resulting reduced decision tables can be used for classifier design.
Algorithm: Feature extraction/selection using PCA and rough sets.
Given: An N-case data set T containing n-dimensional
patterns, with real-valued


1
2
N
attributes, labeled by l associated classes x1  ctarget
 x2  ctarget
 xN  ctarget
 .
1. Isolate from the original class labeled data set T a pattern part as an N  n data
pattern matrix X.
2. Compute covariance matrix Rx for matrix X.
3. Compute the eigenvalues and corresponding eigenvectors for matrix R x , and
arrange them in descending order.
4. Select the reduced dimension m  n of a feature vector in principal component
space using a defined selection method, which may be based on the judgment
of the ordered values of the computed eigenvalues.
5. Compute the optimal m  n Karhunen–Loéve transform matrix ŴKL based on
eigenvectors of Rx .
6. Transform original patterns from X into m-dimensional feature vectors in the
principal component space by formula y ŴKL x for a single pattern, or formula Y XŴKL for a whole set of patterns (where Y is an N  m matrix).
7. Discretize the patterns in Y with the resulting matrix Yd .
8. Compose the decision table DTm constituted of the patterns from matrix Yd with
the corresponding classes from the original data set T .
9. Compute a selected reduct from the decision table DTm treated as a selected set
of features Afeature  reduct describing all concepts in DTm .
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10. Compose the final (reduced) discrete attribute decision table DT f  d containing
those columns from the projected discrete matrix Yd that correspond to the
selected feature set Afeature  reduct . Label patterns by corresponding classes from
the original data set T .
11. Compose the final (reduced) real-valued attribute decision table DT f  r containing those columns from the projected discrete matrix Yd that correspond to the
selected feature set Afeature  reduct . Label patterns by corresponding classes from
the original data set T .
The results of the method of feature extraction/selection discussed depend on the
data set type and three designer decisions:
1. Selection of dimension m  n of the projected pattern in the principal component space.
2. Discretization method (and resulting quantization) of the projected data.
3. Selection of a reduct.
First, for the selected dimension m, the applied quantization method may lead to an
inconsistent decision table DTm for which no reduct exists (preserving discernibility
between all pairs of objects from different decision classes). Then, a designer should
return to the discretization step and select another discretization. Even if a reduct
cannot be found for all possible discretization attempts, a return is realized to the
stage of selecting a dimension m of the reduced feature vector y in the principal
component space. It means that possibly the projected vector does not contain a
satisfactory set of features. In this situation, a design procedure should provide the
next iteration with a selected larger value of m. If a reduct cannot be found for
m n, a data set is not classifiable in a precise deterministic sense. Last, selection
of a reduct will impact the ability of a classifier designed to generalize predictions
for unseen objects.

5 Numerical Experiments — Face Recognition
As a demonstration of the role of rough set methods in feature selection/reduction,
we have carried out numerical experiments of face recognition. We considered the
ORL (see www.cam-orl.co.uk/facedatabase.html) face database [41] gray-scale face
image data sets. We provided, separately, recognition experiments for 10 category
data sets and 40 category data sets of face images. Each category was represented
by 10 instances of face images. Each gray-scale face image had the dimensions of
112  92 pixels. Feature extraction from face images was provided by SVD.
Face images were classified with a single, hidden-layer error back-propagation neural network, learning vector quantization neural network (LVQ) and rule-based rough
set classifier.
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5.1 Singular Value Decomposition for Feature Extraction from Face Images
Singular value decomposition can be used to extract features from images [14,53].
A rectangular n  m real image represented by an n  m matrix A, where m  n, can
be transformed into a diagonal matrix by SVD. Assume that the rank of matrix A is
r  m. The matrices AAT and AT A are nonnegative and symmetrical and have the
identical eigenvalues λi . For m  n  there are at most r  m nonzero eigenvalues. The
SVD transform decomposes matrix A into the product of two orthogonal matrices,
Ψ of dimension n  r, and Φ of dimension m  r  and a diagonal matrix Λ 1 2 of
dimension r  r. The singular value decomposition (SVD) of a matrix (image) A is
given by



r

∑

ΨΛ1 2 ΦT

A





λi ψi ϕTi 

(40)

i 1

where the matrix Ψ and Φ have r orthogonal columns ψi  Rn , ϕi  Rm (i 1  r),
respectively (representing orthogonal eigenvectors of AAT and AT A). The square
matrix Λ1 2 has diagonal entries defined by
Λ1





2

diag





λ1 

λ2 

λr 

(41)

where σi
λi (i 1  2  r) are the singular values of matrix A. Each λi , (i
1  2  r) is the nonzero eigenvalue of AAT (as well as AT A  . Given a matrix A (an
image) decomposed A ΨΛ1 2 = ΦT and since Ψ and Φ have orthogonal columns,
thus the singular value decomposition transform (SVD transform) of the image A
is defined as
(42)
Λ1 2 ΨT AΦ.







If matrix A represents an n  m image, then r singular values λi (i 1  2  r)
from the main diagonal of the matrix Λ1 2 can be considered extracted features of
the image. These r singular values can be arranged as an image feature vector (SVD
pattern) xsvd
λ1  λ2  λr T of an image.







Contrary to principal component analysis, SVD is a purely matrix processing technique, not a direct statistical technique. SVD decomposition is applied to each face
image separately as a face feature extraction, whereas eigenfaces [56] are obtained
by projecting face vectors into principal component space derived statistically from
the covariance matrix of the set of images.
Despite the expressive power of the SVD transformation [14], it is difficult to say
arbitrarily how powerful the SVD features could be for classification of face images.
The r-element SVD patterns can be heuristically reduced by removing their r r trailing elements whose values are below the heuristically selected threshold ε svd . This
can result in nsvd  r r rr element reduced SVD patterns xsvd  r . In the next sections,
we discuss techniques of finding a reduced set of face image features.
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5.2 ORL Data Sets
The entire image data set was divided into training and test sets: 70% of these images were used for the training set. Given the original face image set, we applied
feature extraction using SVD of matrices representing image pixels. As a result, we
obtained for each image a 92-element xsvd SVD pattern where the features were the
singular values of an object matrix ordered in the descending order. In the next step,
we carried out several simple classification experiments using SVD patterns of different lengths to estimate the suboptimal reduction of these patterns. These patterns
are obtained by cutting trailing elements from the original 92-element SVD pattern.
These experiments helped to select 60-element reduced SVD patterns x svd  r . Then,
according to the proposed method, we applied PCA for feature projection/reduction
based on the reduced SVD patterns from the training set. Similarly to the reduction
for the SVD pattern, we provided several classification experiments for different
lengths of reduced PCA patterns. These patterns are obtained by considering only a
selected number of the first principal components. Finally, the projected 60-element
PCA patterns were in this way heuristically reduced to 20-element reduced PCA
patterns xsvd  r pca  r . In the last preprocessing step, the rough set method was used for
the final feature selection/reduction of the reduced PCA continuously valued patterns. To discretize the continuously reduced PCA features we applied the method
of dividing each attribute value range into 10 evenly spaced bins. The discretized
training set was used to find relevant reducts, e.g., the minimal reduct [18]. This
reduct was used to form the final pattern. The training and the test sets (decision tables) with real-value pattern attributes were reduced according to the selected reduct.
In this chapter, we describe the simplest approach to relevant reduct selection. Existing rough set methods can be used to search for other forms of relevant reducts.
Among them are those based on ensembles of classifiers [10]. In our approach, first
a set of reducts of high quality is induced. This set is used to construct a set of
predictors, and next from such predictors, the global predictor is constructed using
an evolutionary approach (for details, see [57]). Predictors based on these more advanced methods make possible to achieve predictors of better quality. Certainly, the
whole process of inducing such classifiers needs more time.
In all of these cases, statistical methods, e.g., cross-validation techniques, are used
to estimate the robustness of the predictors constructed.

5.3 Neural Network Classifier
The error back-propagation neural network classifier designed was composed of
an input layer, one hidden layer, and an output layer followed by a class-choosing
module. The network learning algorithm had momentum and adaptive learning techniques built into it. First, we studied a 10-category data set with 90% of the cases
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in the training set and 10% cases in the test set. We selected the five element reduct
based on the reduced 20-element PCA pattern of the training set. A neural network
with 50 neurons in the hidden layer was designed. The number of hidden neurons
was chosen on the basis of the experiments performed. The neural network provided
99% correct classification of the test set. The rough set rule based classifier for the
discretized data set restricted to the attributes from the five element reduct has exhibited 100% accuracy.
We also studied a 40-category data set with a total number of 400 cases. For this
data set, we selected seven element reduct of the 320-case training set as a base for
the final feature selection of reduced PCA patterns. An error back-propagation neural network with 300 neurons was designed. The number of neurons in the hidden
layer was chosen experimentally. The neural network provided 96  25% correct classification of the 320-case training set and 75  5% accuracy for the 80-case test set.
We applied the resilient back-propagation algorithm as a network training function
that updates weight and bias values, with a performance criterion goal of 0.000299.
The rough set rule based classifier for the discretized data set restricted to the attributes from the seven element reduct exhibited 94  5% accuracy for the 80-case
test set.
The learning vector quantization (LVQ) neural network, trained for the training set
with reduced final patterns, provided 95  8% accuracy for the test set with 28 cases.
The network was trained for 200 code-book vectors and k 4 neighbors.
The SVD has demonstrated a potential as a feature extraction method for face images. The processing sequence SVD, PCA with Karhunen–Loéve transformation,
and the rough set approach created possibilities for a significant reduction of pattern
dimensionality with an increase in classification accuracy and generalization. The
classifiers considered have demonstrated the ability to recognize face images after
such substantial reduction of pattern length.

6 AR Schemes and Rough Neural Networks
In the previous sections, we discussed hybrid methods for classifier construction
with the application of the rough set approach, soft computing methods (e.g., neural networks), and classical statistical methods (e.g., PCA). Two basic steps can
be distinguished in the methods presented: (i) reduction in preprocessing of data dimensions (number of features) and (ii) inducing classifier descriptions from reduced
data. The methods are not supported by background knowledge, which could help
to construct classifiers.
Now, we would like to outline an approach based on soft background knowledge
represented in natural language which can be used in searching for complex classi-
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fiers. We assume that background knowledge consists of some vague concept representations and relations between them, i.e., we assume that an ontology of concepts
relevant to a given problem is specified. Using ontology one can derive some reasoning schemes over vague concepts. We will consider complex information granules
representing approximations of such reasoning schemes. We call them AR schemes.
In a distributed environment, i.e., when information about concepts is exchanged
between different agents (sources of information), its is necessary to add one more
component to AR schemes that is responsible for approximate translation of information granules received by agents from other agents. AR schemes extended to a
distributed environment of agents are called rough neural networks.
The AR schemes are discussed in Chap. 3. We consider a special case where standards are represented by vague concepts expressed in natural language, and we outline an approach based on AR schemes. We consider applications of AR schemes
for complex networks of classifiers constructed by means of experimental data and
soft background knowledge.

6.1 Classifiers as Information Granules
An important class of information granules creates classifiers. One can observe that
sets of decision rules generated from a given decision table DT
U  A  d  (see,
e.g., [18]) can be interpreted as information granules. Classifier construction from a
DT can be described as follows:
1. First, one can construct granules G j corresponding to each particular decision
j 1  r by taking a collection gi j : i 1  k j of left-hand sides of decision rules for a given decision.
2. Let E be a set of elementary
granules (e.g., defined by conjunction of de
scriptors
[18])
over
IS
U
 A  We can now consider a granule denoted by

Match e  G1  Gr  for any e  E that is a collection of coefficients εi j where
εi j 1 if the set
of objects defined by e in IS is included in the meaning of g i j in

IS, i.e., SemIS e   SemIS gi j  ; and zero, otherwise. Hence, the coefficient εi j
is equal to one if and only if granule e matches granule gi j in IS 
3. Let us now denote by Con f lict res an operation (resolving conflict between decision rules
recognizing elementary granules) defined on granules of the form

Match e  G1   Gr  with values in the set of possible decisions 1  r.
Hence,


Con f lict res Match e  G1  Gr  
is equal to the decision predicted by the classifier,


Con f lict res Match  G1  Gr  
on the input granule e.
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Hence, classifiers are special cases of information granules. Parameters to be tuned
are voting strategies, matching strategies of objects against rules as well as other
parameters like closeness of granules in the target granule.
Classifier construction is illustrated in Fig. 1, where three sets of decision rules
are presented for the decision values 1,2, and 3, respectively. Hence, r 3. In the
figure, to omit too many indexes, we write αi instead of gi1  βi instead of gi2  and
γi instead of gi3  respectively. Moreover, ε1  ε2  ε3  denote ε1  1  ε2  1  ε3  1 ; ε4  ε5  ε6  ε7
denote ε1  2  ε2  2  ε3  2  ε4  2 ; and ε8  ε9 denote ε1  3  ε2  3  respectively. The reader can

G

G

G

e

Conflict_res[Match(e,G1,G2,G3 )]
Fig. 1. Classifiers as information granules

now easily describe more complex classifiers by means of information granules.
For example, one can consider soft instead of crisp inclusion between elementary
information granules representing classified objects and the left-hand sides of decision rules or soft matching between recognized objects and the left-hand sides of
decision rules.
6.2 Soft Background Knowledge
We are assuming a knowledge base formulated by means of soft concepts, and relations between them are given. Such background knowledge is called soft ontology
and is represented in natural language. One can construct derivations over such ontologies. They represent reasoning schemes in natural language. We are interested in
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derivations with conclusions representing decision classes. Such derivations can be
treated as soft descriptions of cases. A set of such derivations is called a knowledge
base. It consists of soft information about conclusions related to complex concepts,
assuming that some simpler or elementary ones are satisfied. We are going to show
how such knowledge bases can be used in searching for complex classifiers. Moreover, we present an outline for carrying out reasoning from measurements to conclusions about complex soft concepts using AR schemes and rough neural networks.
One can treat our approach as a search method for relevant features supported by
background knowledge represented in natural language. Our methodology can be
treated as one for building interfaces between experimental knowledge and expert
knowledge represented in natural language. The aim is to use the background knowledge to derive conclusions from experimental data.

6.3 Construction of Complex Classifiers from Simpler Ones Using Soft
Background Knowledge
In this section, we discuss the possibility of using a soft knowledge base as a guide in
searching for relevant features for constructing more complex classifiers from simpler ones. Any soft rule from a soft knowledge base with a left-hand side consisting
of a conjunction of soft conditions (representing soft concepts) and the right-hand
side consisting of target condition (representing the target soft concept) can be used
for construction of a classifier for a target concept from classifiers for conditions. We
assume that classifiers for conditions are induced. Hence, relevant features for approximating these concepts are encoded in these classifiers. However, for the target
concept, we know only the sample of objects with corresponding decisions without
relevant features for classification or recognition. Our assumption about the rules in
a knowledge base is that the relevant features for a target concept can be discovered in feature spaces that are not far from feature spaces of condition classifiers.
Using Boolean reasoning one can measure the distance between feature spaces by
means of the complexity of the construction that it is necessary to perform to reach
one such space from another. We would like to illustrate this intuition by presenting several examples of relevant feature spaces for the target concept’s approximate
description. Such feature spaces can include features described by
1.
2.
3.
4.

conjunctions of descriptors;
disjunctions of conjunctions of descriptors;
disjunctions of conjunctions of descriptor disjunctions; and
characteristic functions of clusters.

In all cases, the descriptors are selected from the feature spaces of input classifiers
from which a new target classifier is constructed. One can observe that features
described by descriptor disjunctions correspond to a symbolic value grouping of
nominal features or a discretization of real value features [18]. Disjunctions of conjunctions of such features describe higher level patterns generalized next to clusters.
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The clusters are constructed by means of such patterns and by an appropriately
chosen similarity measure between patterns. The similarity measure should make it
possible to generalize the previously defined patterns to clusters. The clusters are
next used for defining features relevant to the new classifier construction. A mechanism for measuring the degree of closeness of input patterns to such clusters should
be developed for computing of degrees to which analyzed objects are included in
the cluster. Such degrees are treated as values of features defined by clusters.
One can interpret the process of searching for relevant features as a searching process for descriptors corresponding to such clusters. Such descriptors should satisfy
the following constraint: sets of objects defined by descriptor conjunctions should
be included to a satisfactory degree in a given concept (e.g., decision class) and
should be supported by sufficiently many objects. In this way, such descriptors are
making it possible to obtain short descriptions of concept approximations.
Certainly, one can use some more sophisticated operations transforming the feature
spaces of condition classfiers into feature spaces of target classifiers. Evolutionary
computing [19] can search for relevant features in such feature spaces.
The basic assumption is that using the soft knowledge base can help us to discover
relevant features for more complex classifiers.
The approach discussed does not yet guarantee the robustness of classifiers, i.e.,
preserving the high quality of new object classification (or recognition) under acceptable deviations of information about objects. We propose an approach making
it possible to eliminate this drawback. The approach is based on methods for constructing reasoning clusters constructed along derivations in natural language. These
reasoning clusters link pattern clusters consisting of patterns sufficiently included in
so-called standards (prototypes) or close to each other. The inclusion (closeness) degree of patterns in clusters is controlled to guarantee that under deviations of input
patterns, the deviation of output patterns still returns acceptable solutions. This idea
is formalized by using AR schemes and rough neural networks. In the following
section, we outline a solution based on AR schemes and rough neural networks, and
we emphasize their possible applications in pattern recognition.

6.4 AR Schemes and Rough-Neural Networks
In this section, we briefly recall an approach for approximate reasoning based on
AR schemes (see Chap. 3). We use terminology from the multiagent area [15].
We assume
each agent ag  Ag is equipped with a system of information gran
ules S ag  Using such a system, the agent ag creates a representation for all of its
components.
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Agents are able to extract local approximate reasoning schemes, called productions, from such representations. Algorithmic methods for extracting such productions from data are discussed, e.g., in [30,45,47]. They are based on decomposition
strategies.
The right-hand side of any production for decomposition of condition α at ag is
of the form
α ε i 

(43)



and the left-hand side is of the form
i

i

α1  ε1 ;  ; αn  εn 
where i





(44)

1  k for some k 

Such a production represents information about an operation o that can be performed by an agent ag  In the production, n denotes the arity of operation. The
operation o represented by the production transforms standard (prototype) input information granules represented by α1  αn into standard (prototype) information
granule α  Moreover, if input information granules g1  gn are included (close)
i
i
to α1  αn to degrees ε1  εn  then the result of operation o on information
granules g1  gn is included (close) in the standard α to a degree at least ε i 
where 1  i  k  Standard (prototype) granules can be interpreted in different ways.
In particular, in the applications discussed for pattern recognition, they describe the
centers of discovered clusters. In more general cases, standards correspond to concept names expressed in natural language.






Sample productions are basic components of a reasoning system related to the agent
set Ag  An important property of such productions is that they are expected to be
discovered from available experimental data and background knowledge. Let us observe also that the degree structure is not necessarily restricted to positive reals from
the interval 0  1 . The inclusion degrees can be complex information granules used
to represent the degree of inclusion.
It is worthwhile mentioning that productions can also be interpreted as constructive descriptions of some operations on fuzzy sets (see Chap. 3). The methods for
such constructive descriptions are based on rough sets and Boolean reasoning (see,
e.g., [18,28]).
Reasoning in multiagent system can be represented as a process of constructing
information granules. This process is not restricted to internal operations performed
by agents. The agents can communicate. In this process, they exchange some information granules. It is important to note that any agent possesses her/his own
information granule system. Hence, a granule received by one agent from another
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agent cannot be, in general, understood precisely by the receiving agent. We assume
that associated with the jth argument of any operation o performed by an agent
ag  there is an approximation space AS ag  j (see, e.g., [38,47]) making it possible to construct relevant approximations of the received information granules used
next as operation arguments. The result of approximation is an information granule in the information granule system of agent ag  In some cases, approximation
can be induced using rough set methods (see, e.g., [47]). In general, constructing
information granule approximations is a complex process because, for instance, a
high-quality approximation of concepts often can be obtained only through dialog
(including negotiations, conflict resolution, and cooperation) among agents. In this
process, the approximation can be constructed gradually when dialog is progressing.
Approximation spaces are usually parameterized. This means that it is necessary
to tune their parameters to find suboptimal approximations of information granules.
This observation was the starting point for the rough-neurocomputing paradigm (see
[26,38,45,47] and Chap. 3).
In general, the inputs of rough neurons are derived from information granules instead of real numbers, and parameterized approximation spaces correspond to real
weights in the classical neuron. The result of operation o depends on the parameters
chosen for approximation spaces. The process of tuning the parameters of such approximation spaces corresponds to the process of weight tuning in classical neurons
(see Fig. 1 in Chap. 2).
Now, we are able to discuss one of the main concepts of our approach, approximate reasoning schemes (AR schemes). They can be treated as derivations obtained
by using the productions of different agents. Assume, for simplicity of consideration, that agents are working using the same system of information granules, i.e.,
they do not use approximation spaces to approximate granules received from other
agents. The approach can be extended to the more general case. The relevant derivations defining AR schemes satisfy a so-called robustness (or stability) condition, that
is, at any node of a derivation, the inclusion (or closeness) degree of a constructed
granule (to a given standard) is higher than required by the production to which the
result should be sent. This makes it possible to obtain a sufficient robustness condition for the whole derivation. For details refer to [31,34–37] and to chapters in this
book discussing the foundations of rough-neurocomputing approach. In the general
case, i.e., when it is necessary to use approximation spaces, the AR schemes can
be interpreted as rough neural networks. When standards are interpreted as concept
names in natural language and there is given a reasoning scheme in natural language
over such standards, the corresponding rough neural network represents a cluster of
reasoning constructions approximately following (in other information granule systems) the reasoning given in natural language.
Let us observe that AR schemes are not classical proofs defined by means of de-
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ductive systems. They are approximate reasoning schemes discovered from data
and background knowledge. The notion of classical proof is substituted by derivations defining AR schemes, i.e., derivations satisfying some constraints. Deductive
systems are substituted by productions systems of agents linked by approximation
spaces, communication strategies, and mechanisms deriving AR schemes. This revision of classical logical notions seems to be important for solving complex pattern
recognition problems.

6.5 Illustrative Example
Let us consider a very simple illustrative example of the face-recognition problem.
Assume that among the concepts of a given knowledge base are the following concepts:
1.
2.
3.
4.
5.

exactly one ear visible yes 
nose shape visible yes 
nose shape in f ront view sharp 
nose shape sharp 
f ace in side view yes 

and rules
1. If exactly one ear visible yes and nose shape visible
then f ace in side view yes 
2. If f ace in side view yes
and nose shape sharp 
then nose shape in f ront view sharp 

yes 

First, a classifier for the concept
f ace in side view

yes 

is constructed in the context of classifiers for
exactly one ear visible

yes 

nose shape visible

and next a classifier for nose shape in f ront view
context of its sensory classifiers,
f ace in side view

yes 

yes 

sharp is constructed in the

nose shape

sharp 

Then, productions for such rules are induced. Finally, they are used to derive robust AR schemes. From such schemes, one can predict on the basis of estimates
from sensory classifiers that the nose shape in front view should be to a high degree sharp for a given object x if sensory properties for this object x are satisfied to

25. Information Granulation and Pattern Recognition

633

sufficient degrees:
exactly one ear visible = yes, nose shape visible = yes, and nose shape = sharp.
This can be confronted with another conclusion of approximate reasoning on objects from the database, e.g., the face is to a sufficient degree in the front view and
the nose shape is to a sufficient degree non sharp. Such objects can be eliminated
from candidates identifying x in the database.

7 Conclusions
We have presented a rough set method and its role in feature selection for pattern
recognition.
In the first part, we proposed a sequence of data mining steps, including application of SVD, PCA, and rough sets, for feature selection. This processing sequence
has shown a potential for feasible feature extraction and feature selection in designing neural network classifiers for face images. The method discussed provides a
substantial reduction of pattern dimensionality. Rough set methods have shown the
ability to reduce significantly pattern dimensionality and have proven to be viable
data mining techniques as the front end of neural network classifiers.
In the second part, we discussed an approach to pattern recognition based on roughneurocomputing with the application of soft knowledge bases. This research direction seems to be promising for complex pattern recognition problems, such as
identification of objects and path planning by autonomous systems.
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48. D. Ślȩzak. Approximate reducts in decision tables. In Proceedings of the 6th International Conference on Information Processing and Management of Uncertainty in
Knowledge-Based Systems (IPMU’96), Vol. 3, 1159–1164, Universidad da Granada,
Granada, 1996.
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