Fundamenta Informaticae 53 (2002) 365–390

365

IOS Press

Approximate Entropy Reducts
Dominik Ślȩzak∗
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Abstract. We use information entropy measure to extend the rough set based notion of a reduct.
We introduce the Approximate Entropy Reduction Principle (AERP). It states that any simplification
(reduction of attributes) in the decision model, which approximately preserves its conditional entropy
(the measure of inconsistency of defining decision by conditional attributes) should be performed
to decrease its prior entropy (the measure of the model’s complexity). We show NP-hardness of
optimization tasks concerning application of various modifications of AERP to data analysis.

1. Introduction
The data based reasoning relates to the analysis of information within the acquired samples of objects.
The theory of rough sets [8, 12, 13] assumes that a universe of known objects is the only source of
knowledge usable to construct the reasoning models, stated by means of functional and logical, possibly
uncertain, dependencies between attributes. A special case is concerned with classification problems,
where the goal is to approximate values of a distinguished decision attribute under information provided
by conditional attributes. For this purpose, one stores data within decision systems, where each object
belongs to one of the predefined decision classes.
Classification of new objects can be easily performed by analogy, by application of ”if..then..” rules
previously calculated over the universe of a given system. According to the Minimum Description Length
Principle (MDLP), introduced in [20] and adapted to the theory of rough sets in [4, 23], the optimization
problems concerned with the search of the simplest patterns and decision rules, as well as information
and decision reducts are crucial. Although proved to be NP-hard [24], solutions of those problems can be
∗
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approximated sufficiently enough by using various heuristics [3, 17, 34]. Their computational efficiency,
as well as degrees of correct classification for the obtained decision models, are important advantages,
which should be taken into account while developing various extensions of the ”classical” rough set
based approach.
We consider one of such extensions, especially dedicated to the analysis of strongly inconsistent
data, which occur very often in, e.g., medical domain [17, 18]. We are interested in tools enabling
reconsideration of rules and reducts for systems, which support no ”if..then..” dependencies in an exact
form. We focus on approximate reducts – irreducible subsets of attributes inducing collections of rules,
which approximate decision classes accurately enough, or, in other words, approximate them almost
at the same level of precision as provided by the initial decision model, before starting the reduction
process.
We propose to label each subset B ⊆ A of available attributes A with its information entropy H(B)
calculated directly from data, basing on data partition generated by the values of elements of B (cf.
[5, 7, 21]). We show how to interpret H(B) as a predictive complexity of the model induced by B. In
case of classification problem, we label B also with conditional entropy H(d/B), which is the degree of
the model’s inaccuracy in predicting the values of decision attribute d (cf. [4, 25]).
Entropy provides decision models induced by subsets of attributes with mutually opposing measures
leading to one of the most known versions of MDLP, where the entropy based complexity and inaccuracy measures are combined within the one global optimization measure [4, 10, 20]. In this paper, we
concentrate on the Approximate Entropy Reduction Principle (AERP), where we minimize complexity
H(B) under the constraint of keeping inaccuracy H(d/B) at the reasonably low level with respect to
H(d/A). This is a special case of the Approximate Reduction Principle developed in [30, 32], which is
a generalization of the rough set reduction laws [8, 13, 23, 24].
We show NP-hardness of optimization problems concerned with the application of AERP to extraction of data models from decision systems and information systems. Although strongly related to the
previous studies on time complexity of approximate reduction [28, 29, 30], this is the first paper devoted
in an exhaustive way to interpretation and extension of the fundamental rough set reduction principles
in terms of the measures of information entropy. It contains novel mathematical results related, e.g., to
the modified version of AERP, for H(B/d) instead of H(B). It reflects the tradeoff between precision
and sensitivity of the rule based decision models, widely used in machine learning [9, 11], providing the
basis for the Relative Operating Characteristic (ROC) approach [19].
The paper is organized as follows: In Section 2 we recall the basic concepts concerned with prior and
conditional probabilities derived from data. We pay a special attention to probabilities corresponding to
the object related ”if..then..” rules, where objects are understood as the known cases, gathered within
available information and decision systems. In Subsection 2.3 we interpret and compare conditional
probabilities with the tools of the theory of rough sets, developed in purpose of modeling inexact dependencies between attributes. We analyze various – probabilistic and rough set based – ways of expressing
the notion of defining decision by conditional attributes.
In Section 3 we recall basic notions and results concerned with the measures of information and
conditional entropy. We discuss how to use entropy to evaluate subsets of attributes, as well as inexact
decision rules extracted from data. We show how to interpret entropy in terms of the rough set based
notions of rough membership functions and rough membership distributions. In particular, we show that
the entropy measures can be obtained as geometric averages of the basic machine learning factors of
quality of ”if..then..” rules.
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In Section 4 we recall the concepts of information and decision reducts. We show the correspondence
between µ-decision reducts, which preserve the probabilistic information about conditions→decision
dependencies during the reduction process, and basic notions of probabilistic conditional independence.
We express the conditions for information and decision reducts in terms of entropy. We also discuss other
measures enabling to model the principle of keeping the level of (in)consistency of defining decision
during the reduction process. In Subsection 4.4 we use entropy to introduce the concept of approximate
preserving of information, which leads to specification of the notions of (H, ε)-approximate information
reducts and (H, ε)-approximate µ-decision reducts.
In Section 5 we show the NP-hardness of various approximate reduction tasks. In Subsection 5.1 we
formulate basic optimization problems and results, which lead to specification of two versions of AERP,
in Definitions 5.3 and 5.4. In Subsection 5.2 we prove NP-hardness of the task of finding minimal (H, ε)approximate information and decision reducts. Finally, in Subsection 5.3, we do the same with reducts
optimized with respect to the entropy based complexity and sensitivity measures.

2. Probabilities in data
2.1. Prior probabilities in information systems
In the theory of rough sets [8, 12, 13], one represents data in terms of an information system A = (U, A),
where U denotes the universe of objects and each attribute a ∈ A is identified with function a : U → V a ,
for Va denoting the set of values on a. Let us enumerate elements of A as a 1 , . . . , a|A| . For any B ⊆ A
and u ∈ U , we define B-information vector
B(u) = hai1 (u), . . . , ai|B| (u)i

(1)

where i1 < i2 < · · · < i|B| and for any j = 1, . . . , |B| we denote by a ij (u) the value of attribute
aij ∈ B. The set of all B-information vectors, which occur in A, takes the following form:
VBU = {B(u) : u ∈ U }

(2)

Each subset B ⊆ A induces a partition over the universe U . Partition classes correspond to particular
B-information vectors. We obtain partition space
U/B = {Ew : w ∈ VBU }

(3)

Ew = {u ∈ U : B(u) = w}

(4)

where each class Ew ⊆ U is defined by

The described partition is referred to as indiscernibility relation IN D A (B), where subsets Ew ⊆ U are
called indiscernibility classes of objects, which cannot be distinguished from each other by the values on
B [8, 12, 13].
One can easily label partition classes with their cardinalities, measured relatively with respect to the
universe. It enables to define the prior probability distribution over B-information vectors. The data
derived probability of occurrence of w ∈ V BU on B is simply
PA (w) = |{u ∈ U : B(u) = w}| / |U |

(5)
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One can define probabilities for all possible combinations of values on elements of B, i.e.
Q
VB = a∈B Va

(6)

Obviously, we have

VBU = {w ∈ VB : PA (w) > 0}

(7)

Pairs (B, w), for B ⊆ A and w ∈ VBU , are often referred to as patterns or templates (cf. [3, 8]),
interpreted as conjunctions of descriptors (a, v), for a ∈ B and v ∈ V a . In this context, quantity PA (w)
reflects the strength of (B, w), i.e. the chance that a randomly chosen object u ∈ U will support the
considered pattern.
Usually, one implicitly assumes that P A (w) estimates also the probability of satisfying (B, w) by
objects outside the currently known universe. Such an assumption occurs also in case of the data driven
conditional probabilities considered in the next subsection, unless one has a reason to suspect that the
training data set is not representative enough, in a statistical sense.

2.2. Conditional probabilities in information and decision systems
Conditional probabilities are usually derived in purpose of expressing a chance of occurrence of a given
pattern under information about occurrence of another one. In the basic form, it leads to the analysis of
association rules [1], where both the left and right sides consist of conditions involving disjoint subsets
of attributes B, C ⊆ A and their values w ∈ V BU , w0 ∈ VCU . The precision of the rule B = w ⇒ C = w 0
is defined as
PA (w0 /w) = |{u ∈ U : B(u) = w ∧ C(u) = w 0 }| / |{u ∈ U : B(u) = w}|

(8)

It turns out that the rules with positive precision correspond to object related association rules B =
B(u) ⇒ C = C(u) induced by elements of U . In this case, (8) takes the form
PA (C(u)/B(u)) = |{u0 ∈ U : (B ∪ C)(u) = (B ∪ C)(u0 )}| / |{u0 ∈ U : B(u) = B(u0 )}|

(9)

Prior probability PA (B(u)) = |{u0 ∈ U : B(u) = B(u0 )}|/|U | reflects the chance that an object u 0 ∈ U
will be recognized, i.e., it will satisfy the left side of the considered rule.
In the object related case, we do not need to bother with intersections between attribute sets occurring
at both sides of the rule. For instance, we can express how B ⊆ A determines the rest of attributes A \ B
by considering the bunch of probabilities
PA (A(u)/B(u)) = |{u0 ∈ U : A(u) = A(u0 )}| / |{u0 ∈ U : B(u) = B(u0 )}|

(10)

for particular objects u ∈ U . We will use such probabilities in purpose of defining the global measures
of dependencies between attributes.
The task of analysis can be also concerned with a distinguished decision to be predicted under information provided over the rest of attributes. In this case, we represent data as a decision system
A = (U, A ∪ {d}), d ∈
/ A. Let Vd = {1, . . . , |Vd |}. For each k = 1, . . . , |Vd |, we define the k-th
decision class Xk = {u ∈ U : d(u) = k}. Probability
PA (k/w) = |{u ∈ Xk : B(u) = w}| / |{u ∈ U : B(u) = w}|

(11)
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of k ∈ Vd conditioned by w ∈ VBU corresponds to the precision of decision rule B = w ⇒ d = k. The
strength of the rule is provided by P A (w). One can also consider quantity
PA (w/k) = |{u ∈ Xk : B(u) = w}| / |Xk |

(12)

which is referred to as the sensitivity of the rule. Keeping the balance between (11) and (12) is the idea
of the Relative Operating Characteristic (ROC) considered in, e.g., [19, 35].
Just like before, we can restrict ourselves to object related decision rules. Given B ⊆ A and u ∈ U ,
one defines the precision and sensitivity of B = B(u) ⇒ d = d(u) by, respectively:
PA (d(u)/B(u)) = |{u0 ∈ Xd(u) : B(u) = B(u0 )}| / |{u0 ∈ U : B(u) = B(u0 )}|

(13)

PA (B(u)/d(u)) = |{u0 ∈ Xd(u) : B(u) = B(u0 )}| / |Xd(u) |

(14)

and
These quantities can be used while optimizing the choice of the subset of conditional attributes for
construction of the decision model. One can also replace sensitivity P A (B(u)/d(u)) with the rule’s
strength PA (B(u)) or complexity of its left side’s description (e.g. the number of descriptors). This is
one of possible interpretations of the Minimum Description Length Principle [9, 20] within the theory
of rough sets, where the model induced by B ⊆ A is evaluated by the combination of two factors: its
quality and the length of its description (cf. [23, 24]).

2.3. Rough membership functions and distributions
Probabilities provide the most popular, but not the only one way of handling inexact dependencies in
data. For example, one can derive from a given A = (U, A) the rough set approximations, which express
the degree of defining each X ⊆ U by means of the partition space U/B, B ⊆ A:
BX
A = {E ∈ U/B : E ⊆ X}

X

B A = {E ∈ U/B : E ∩ X 6= ∅}

(15)

The above kind of information is less detailed than the probabilistic one. Probabilities can be expressed
in the theory of rough sets by means of rough membership function µ B
X : U → [0, 1] introduced in [14],
where
µB
(16)
X (u) = |[u]B ∩ X| / |[u]B |
for [u]B = {u0 ∈ U : B(u) = B(u0 )} denoting the B-indiscernibility class of u. Rough membership
function enables to rewrite (15) equivalently as

B
BX
A = u ∈ U : µX (u) = 1
X


X
B A = u ∈ U : µB
X (u) > 0

(17)

B
We say that B defines X, iff B X
A = B A = X, or, equivalently, there is µ X (u) = 1 ⇔ u ∈ X and
µB
/ X. Still, handling values of µ B
X (u) = 0 ⇔ u ∈
X enables to consider degrees of membership between
0 and 1. For instance, it is done in the Variable Precision Rough Set Model [36], where conditions
concerned with µB
X (u) in (17) are appropriately weakened.
In case of a decision system A = (U, A ∪ {d}), we are interested in approximating decision classes.
We say that B ⊆ A defines d, iff it defines each decision class X k ⊆ U , k = 1, . . . , |Vd |. Equivalently,
B defines d, iff, e.g., there is:
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• IN DA (B) ⊆ IN DA ({d}), i.e. for any u, u0 ∈ U , if d(u) 6= d(u0 ), then B(u) 6= B(u0 ).
S
k
• The B-positive region P OSA (d/B) = k B X
A ([13]) equals to the whole universe U .

• There is equality PA (d(u)/B(u)) = 1, for any element u ∈ U .

Obviously, for any B ⊆ A, u ∈ U and k = 1, . . . , |V d |, the following equality holds:
µB
Xk (u) = PA (k/B(u))

(18)

Thus, in case of considering decision classes, we have an equivalence between conditional probabilities
and rough membership functions. The difference is that probability, as a function, operates on vectors
of values. On the other hand, rough membership function operates on the set of instances understood as
objects in a decision system.
We can continue the above comparison at the level of probabilistic distributions. By the rough membership distribution we mean the function labeling each u ∈ U with vector
D
E
→
−
B
B
µB
(u)
=
µ
(u),
.
.
.
,
µ
(u)
(19)
X1
X|V |
d
d

which is an element of the (|Vd |-1)-dimensional simplex of probabilistic distributions. Obviously, B
−
defines d, iff vector →
µB
d (u) takes the form of one of the simplex vertices, for any u ∈ U .
One can see that there are many possibilities of expressing the notion of defining decision. All of
them can be used as the reference points while stating the criteria for approximate defining. We can
claim that B ⊆ A approximately defines d, iff IN D A (B) is almost contained in IN DA ({d}), or iff
P OSA (d/B) is almost equal to U , or iff for almost all u ∈ U probability P A (d(u)/B(u)) is sufficiently
−
close to 1, or vector →
µB
d (u) is sufficiently close to a vertex of the simplex. In this paper we focus on the
approaches based mainly on probabilistic tools. We refer the reader to [16, 17, 27, 28, 30] for other ways
of introducing the notion of approximate defining.

3. Information entropy
3.1. Basic properties of prior entropy
As a measure of information, entropy was first considered in [21]. It was used in purpose of evaluating
the degree of information we get from the fact that a given random event occurred. Entropy is related
directly to the event’s probability p > 0. It is defined by h(p) = − log 2 p. For instance, given B ⊆ A
and w ∈ VBU for some A = (U, A), one can state the entropy of pattern (B, w) as equal to − log 2 PA (w).
−
In its generalized form [5, 7], entropy is used to evaluate random distributions →
p = hp1 , . . . , pr i with
the expected degree of information
X
−
H (→
p)=−
pk log 2 pk
(20)
k: pk >0

For instance, by operating with probabilistic distributions considered in Subsection 2.1, we can label
each subset B ⊆ A with its entropy
X
HA (B) = −
PA (w) log 2 PA (w)
(21)
w∈VBU
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interpreted as the average degree of information about elements of the universe, which can be obtained
from knowledge concerning their values on B. As another example, we can consider the entropy of
−
rough membership distribution →
µB
d (u) given by (19), for some B ⊆ A and u ∈ U , in a decision system
A = (U, A ∪ {d}). It equals to

−
H →
µB
d (u) = −

X

B
µB
Xk (u) log 2 µXk (u)

(22)

k∈∂dB (u)

decision function, which is given by formula (47) in Subwhere ∂dB (u) is the value of the generalized

−
section 4.2. Quantity of H →
µB
(u)
can
be
used
to express the degree of the lack of precise information
d
about decision value of u ∈ U , given knowledge about its values on B ⊆ A. Due to the basic properties
−
of entropy [5, 7], we have, for any →
p = hp1 , . . . , pr i, inequalities
−
0 ≤ H (→
p ) ≤ log2 |{k : pk > 0}|

(23)

−
−
where H (→
p ) = 0 iff |{k : pk > 0}| = 1, and H (→
p ) = log 2 |{k : pk > 0}| iff any positive coordinate
→
−
of p equals to 1/|{k : pk > 0}|. In case of (22), it means that

−
B
0≤H →
µB
d (u) ≤ log 2 ∂d (u)

(24)


−
B
B
where H →
µB
d (u) = 0 iff PA (d(u)/B(u)) = 1, and Hd (u) = log 2 ∂d (u) iff for all elements
B
B
k ∈ ∂d (u) we have the same values of rough membership function, i.e. µ Xk (u) = 1/ ∂dB (u) . Hence,

−
→
−B 
we see that H →
µB
d (u) is minimal, iff B determines the decision value d(u). H µ d (u) is maximal,
iff B provides no knowledge about d(u), i.e. ∂ dB (u) = Vd and all decision values k = 1, . . . , |V d | are
equally probable within the B-indiscernibility class [u] B ⊆ U . In the same way, for any A = (U, A) and
B ⊆ A, we get inequalities
0 ≤ HA (B) ≤ log2 VBU
(25)
where HA (B) = 0, iff we have VBU = 1, and HA (B) = log2 VBU , iff for each w ∈ VBU we have
PA (w) = 1/ VBU .

3.2. Basic properties of conditional entropy
Conditional entropy of random variable C conditioned by B evaluates the degree of information we
would still obtain from the knowledge about the value of C, under already provided knowledge about
the value of B (cf. [4, 5, 7]). If we interpret B and C as subsets of A, within an information system
A = (U, A), the entropy of C conditioned by B takes the form of
HA (C/B) = HA (B ∪ C) − HA (B)

(26)

and reflects the degree of information about a randomly chosen object u ∈ U , which we would additionally gain from the knowledge about C(u), if we already know B(u).
Properties of conditional entropy correspond to the notion of probabilistic conditional independence
[15]. Let us formulate it in terms of A = (U, A), where P A is treated as the probability distribution over
the product of discrete random variables A. Given mutually disjoint subsets B, C, D ⊆ A, we say that
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C makes D independent from B, iff for all possible configurations of vectors w B ∈ VB , wC ∈ VC and
wD ∈ VD we have implication
PA (wB , wC ) > 0 ⇒ [ PA (wD /wB , wC ) = PA (wD /wC ) ]

(27)

or, equivalently ([30, 31]), iff for all objects u ∈ U we have equality
PA (D(u)/C(u)) = PA (D(u)/(B ∪ C)(u))

(28)

In particular, D is independent from B, iff for any u ∈ U we have P A (D(u)) = PA (D(u)/B(u)).
According to [5], we have the following inequality:
HA (D/B ∪ C) ≤ HA (D/C)

(29)

where equality holds, iff C makes D independent from B. In particular, for C = ∅, we have H A (D/B) ≤
HA (D), where equality holds, iff D is independent from B.
Given a decision system A = (U, A ∪ {d}), we can use H A (d/B) 1 to label each B ⊆ A with the
amount of uncertainty concerning d under the information about B provided. Several modifications of
conditional entropy were proposed within the theory of rough sets (cf. [4, 25]). In this paper, we refer to
the classical meaning of HA (d/B). In such a case, inequality (29) leads to the following constrains:
Proposition 3.1. (cf. [5]) Let A = (U, A ∪ {d}) and B ⊆ A be given. We have inequalities
0 ≤ HA (d/A) ≤ HA (d/B) ≤ HA (d) ≤ log 2 |Vd |

(30)

where:
• HA (d/A) = 0 iff A defines d.
• HA (d/A) = HA (d/B) iff B makes d independent from A \ B.
• HA (d/B) = HA (d) iff d is independent from B.
• HA (d) = log 2 |Vd | iff for any k ∈ Vd we have PA (k) = 1/|Vd |.
The above result shows that conditional entropy is yet another measure encoding the state of defining
decision by conditional attributes. In Section 4, we will apply it to define the notion of approximate
defining in the probabilistic framework. Further, we will use it to introduce the notion of approximate
preserving of decision information while reducing attributes.

3.3. Rough membership interpretation of entropy
Let A = (U, A) and disjoint B, C ⊆ A be given. Any w ∈ V BU induces the new probabilistic distribution
over VCU , under the condition B = w. Its entropy equals to
X
H(B,w) (C) = −
PA (w0 /w) log 2 PA (w0 /w)
(31)
w 0 ∈VCU : PA (w 0 /w)>0

1

To simplify notation, we will write HA (d/·), HA (d), HA (·/d), instead of HA ({d}/·), HA ({d}), HA (·/{d}).
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One can equivalently rewrite HA (C/B) as the average value of the above quantities, i.e.:
X
HA (C/B) =
PA (w)H(B,w) (C)
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(32)

w∈VBU

For A = (U, A ∪ {d}), where we are interested in C = {d}, we can express H A (d/B) in terms of local
−
entropies of rough membership distributions →
µB
d (u), for u ∈ U :
Proposition 3.2. ([30, 31]) Let A = (U, A ∪ {d}) and B ⊆ A be given. We have equality
H(d/B) =


1 X
−
H →
µB
d (u)
|U |

(33)

u∈U

−
→
−B
where, for any u ∈ U , H →
µB
d (u) is the entropy of distribution µ d (u), given by (22).


2

−
In Subsection 3.1 we considered H →
µB
d (u) as expressing the degree of the lack of information about
decision value of u ∈ U . Hence, equality (33) justifies the choice of H A (d/B) as a measure of inconsistency of defining d by B.


Proposition 3.3. ([30, 31]) Let A = (U, A) and B, C ⊆ A be given. We have
HA (B) = − log 2 (GA (B))

HA (C/B) = − log 2 (GA (C/B))

(34)

where
GA (B) =

p
Πu∈U PA (B(u))

|U |

GA (C/B) =

p
Πu∈U P (C(u)/B(u))

|U |

(35)

are, respectively, the geometric average of the strength of patterns B = B(u), and the geometric average
of the precision of association rules B = B(u) ⇒ C = C(u), for u ∈ U .
As a special case, for A = (U, A ∪ {d}) and B ⊆ A, we obtain equality
HA (d/B) = −

1 X
log 2 PA (d(u)/B(u)) = − log 2 (GA (d/B))
|U |

(36)

p
Πu∈U P (d(u)/B(u))

(37)

u∈U

where
GA (d/B) =

|U |

reflects the degree of defining d by means of decision rules generated by B. It leads to the following way
of expressing conditional entropy in terms of rough membership functions:
Proposition 3.4. ([30, 31]) Let A = (U, A ∪ {d}) and B ⊆ A be given. We have equality
HA (d/B) = −

1 X
log 2 µB
Xd(u) (u)
|U |

(38)

u∈U

As a conclusion, we obtain formulas (33) and (38) providing an interpretation of data based conditional
entropy in terms of basic rough set notions. Moreover, we draw a correspondence between entropy and
average qualities of object related ”if..then..” rules, expressed by (35) and (37).
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4. Reducts in terms of probabilities
4.1. Information and decision reducts
So far, we considered various measures and criteria enabling to evaluate data based models induced
by subsets of attributes. Due to the Ockham’s Razor principle, formalized in terms of the Kolmogorov
Complexity [10], we should simplify such models, unless it causes a loss of information encoded in a
model. It is a reference to the Minimum Description Length Principle (MDLP) introduced in [20] within
the statistical framework, as well as a general principle of the theory of rough sets, concerned with
reducing attributes and shortening decision rules [13, 23].
Definition 4.1. Let A = (U, A) and B ⊆ A be given. We say that B defines A, iff the following equality
holds:
IN DA (B) = IN DA (A)
(39)
i.e. iff B defines each a ∈ A (equivalently, a ∈ A \ B). We say that B is an information reduct, iff it
defines A and none of its proper subsets does it.
Proposition 4.1. Let A = (U, A) and B ⊆ A be given. B is an information reduct, iff we have
HA (B) = HA (A)

(40)

and inequalities HA (B \ {a}) < HA (A) hold for any a ∈ B.
Obviously, entropy is not the only measure enabling to express the meaning of information reduct in a
numeric way. For instance, one can consider the discernibility measure
DiscA (B) = |{(u, u0 ) ∈ U × U : B(u) 6= B(u0 )}|

(41)

which leads to the analogous characteristics:
Proposition 4.2. Let A = (U, A) and B ⊆ A be given. B is an information reduct, iff we have
DiscA (B) = DiscA (A)

(42)

and inequalities DiscA (B \ {a}) < DiscA (A) hold for any a ∈ B.
Just like we did it in case of the criteria for approximate defining of decision attribute in Subsection 2.3,
we can generalize conditions (40) and (42) to be able to talk about approximate defining of information
system. For instance, we can set up an approximation threshold ε ∈ [0, 1) and say that B defines A
ε-approximately, iff
DiscA (B) ≥ (1 − ε)DiscA (A)
(43)
i.e. iff B discerns ε-almost pairs of objects, which can be discerned by the whole A. We will continue
this idea in Subsection 4.4, by referring to the information entropy measures. For now, let us focus on
decision systems A = (U, A ∪ {d}), which are consistent, i.e. such that A defines d. In such cases,
introducing the notion of a decision reduct is very simple:
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Definition 4.2. Let A = (U, A) and B ⊆ A be given. We say that B is a decision reduct, iff it defines d
and none of its proper subsets does it.
Obviously, one can redefine the above notion in terms of all previously considered criteria for defining
decision. As an example, let us do it in terms of conditional entropy.
Proposition 4.3. Let a consistent A = (U, A ∪ {d}) and B ⊆ A be given. B is a decision reduct, iff we
have HA (d/B) = 0 and inequalities HA (d/B \ {a}) > 0 hold for any a ∈ B.

4.2. Decision reducts in terms of conditional independence
In many practical situations, we have to consider models based on inconsistent decision systems A =
(U, A ∪ {d}), where A does not define d, i.e. it does not provide exact decision rules covering the
whole universe (cf. [17, 18]). Then, the question arises, what kind of a reduction criterion should be
used instead of keeping (approximate) defining of decision. In [30, 31] we discussed the correspondence
between decision reducts and the notions of the theory of probabilistic independence [15]. It is related
to the idea of keeping decision information in terms of rough membership distributions while reducing
conditional attributes.
Definition 4.3. Let A = (U, A ∪ {d}) and B ⊆ A be given. We say that B µ-preserves d, iff for any
−
→
−A
u ∈ U we have equality →
µB
d (u) = µ d (u) or, equivalently [30, 31]:
PA (d(u)/B(u)) = PA (d(u)/A(u))

(44)

B is a µ-decision reduct, iff it µ-preserves d and none of its proper subsets does it.
Below we generalize Proposition 4.3. In consistent decision systems A = (U, A ∪ {d}) we have always
HA (d/A) = 0. Then, µ-decision reducts simply coincide with decision reducts.
Proposition 4.4. Let A = (U, A ∪ {d}) and B ⊆ A be given. B is a µ-decision reduct, iff
HA (d/B) = HA (d/A)

(45)

and inequalities HA (d/B) > HA (d/B \ {a}) hold for any a ∈ B.
Due to (28), which states the sufficient and satisfactory condition for conditional independence between
any mutually disjoint subsets of attributes, one can see that (44) is equivalent to stating that B makes d
independent from A \ B. Hence, we can say that B is a µ-decision reduct, iff it is a Markov boundary
of d with respect to the product distribution P A over A ∪ {d}, i.e. it is an irreducible subset of variables,
which provides exactly the same probabilistic information about d as the whole A.
Obviously, probabilities do not provide the only possible framework for introducing the notion of
conditional independence between attributes (cf. [22]). Given any such framework, we could redefine
the notion of a decision reduct as an appropriate analogy of probabilistic Markov boundary. For instance,
given A = (U, A) and mutually disjoint B, C, D ⊆ A, let us say that C makes D O-independent from B
[26, 30], iff for all possible combinations of vectors w B ∈ VB , wC ∈ VC , wD ∈ VD we have implication
PA (wB , wC ) > 0 ⇒ [ PA (wD /wC ) > 0 ⇔ PA (wD /wB , wC ) > 0 ]

(46)
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It is weaker than its probabilistic analogy (27), because, under condition P A (wB , wC ) > 0, we check
only whether wD is plausible for wC iff it is plausible for (wB , wC ), instead of demanding a perfect
equality PA (wD /wC ) = PA (wD /wB , wC ). It corresponds to one of the most popular ways of dealing
with the inconsistencies in the theory of rough sets, namely to the notion of the generalized decision
function ∂dB : U → P(Vd ) defined by

∂dB (u) = {k : Xk ∩ [u]B 6= ∅} = k : µB
(47)
Xk (u) > 0

which labels each u ∈ U with the set of plausible decision values (cf. [13, 16, 23, 27]).

Definition 4.4. Let A = (U, A ∪ {d}) and B ⊆ A be given. We say that B ∂-preserves d, iff for any
u ∈ U we have equality ∂dB (u) = ∂dA (u). We say that B is a ∂-decision reduct, iff it ∂-preserves d and
none of its proper subsets does it.
Proposition 4.5. ([26]) Let A = (U, A ∪ {d}) and B ⊆ A be given. B is a ∂-decision reduct, iff it is an
irreducible subset of A, which makes d O-independent from A \ B.

4.3. Decision reducts in terms of degrees of (in)consistency
Generalized decision functions model the degree of inconsistency of defining decision by means of cardinalities of their value sets. For any A = (U, A ∪ {d}), B ⊆ A and u ∈ U , we have always inclusion
∂dA (u) ⊆ ∂dB (u), i.e. the reduction of attributes causes potentially the loss of information corresponding to the sets of plausible decision values. In particular, for consistent A = (U, A ∪ {d}), we have
always ∂dA (u) = 1 and any reduction to B ⊆ A should be allowed, iff there is still ∂dB (u) = 1, for
any u ∈ U . Actually, the notions of ∂-decision reduct and decision reduct are equivalent for consistent
decision systems.
Exactly the same situation occurs in case of probabilities, encoded in terms of conditional entropy.
Inequalities (30) show that the reduction of attributes causes potential growth of conditional entropy, i.e.,
due to Subsection 3.3, potential average decrease of precision of object related decision rules. Hence,
according to the characteristics provided by Proposition 4.4, we should try to keep conditional entropy,
interpreted as the degree of inconsistency, possibly at the same level while reducing attributes.
Yet another possibility refers to the following decision discernibility measure, considered in [28, 30]
(as well as, e.g., during the discretization process in [3]):

DiscA (d/B) = (u, u0 ) ∈ U × U : B(u) 6= B(u0 ) ∧ d(u) 6= d(u0 )
(48)
It counts all pairs u, u0 ∈ U , which are discerned by B ⊆ A (i.e. B(u) 6= B(u 0 )) and should be
discerned because of d (i.e. d(u) 6= d(u 0 )). We say that B is a discerning decision reduct, iff
DiscA (d/B) = DiscA (d/A)

(49)

which can equivalently [28, 30] rewritten as
IN DA (B) \ IN DA ({d}) = IN DA (A) \ IN DA ({d})

(50)

and none of its proper subsets does it. Due to (49), we are interested in subsets B ⊆ A, which discern all
pairs u, u0 ∈ U , which should and could (i.e. A(u) 6= A(u 0 )) be discerned.
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Finally, we can express the consistency level in terms of positive regions, already discussed in Subsection 2.3. For B ⊆ A, one has always inclusion P OS A (d/B) ⊆ P OSA (d/A), where equality holds,
iff B induces exactly the same lower approximations of particular decision classes as the whole A. In
such a case, we would search for subsets B keeping consistency understood as the size of those approximations, i.e. satisfying equality
P OSA (d/B) = P OSA (d/A)

(51)

It turns out that all the mentioned criteria for keeping (in)consistency level while reducing the attributes
can be compared with condition (44) for µ-preserving decision.
Proposition 4.6. (cf. [28, 30]) Let A = (U, A ∪ {d}) and B ⊆ A be given. If B satisfies (49), then it
also µ-preserves d. If B µ-preserves d, then it also ∂-preserves d. Finally, if B ∂-preserves d, then it also
satisfies (51).
In the following subsection, we are going to focus on the approximate versions of decision reducts
corresponding to the criteria considered in the above proposition. Although, intuitively, it should be
possible to keep similar implications for appropriately tuned approximations, there are no theoretical
results in this area. We refer the reader to [28] for more examples concerning the comparison of such
approximations.

4.4. Approximate entropy reducts
Conditions of preserving the degree of the model (in)consistency while reducing attributes turn out to be
too rigorous with respect to possible noises and fluctuations in data. A solution would be to weaken them
just like we did in case of discerning information reducts, as proposed in Subsection 4.1. For instance,
continuing the topic of discernibility measures, we could be interested in subsets of attributes discerning
almost all pairs of objects, which should and could be discerned. It leads to the following notion:
Definition 4.5. Let ε ∈ [0, 1), A = (U, A∪{d}) and B ⊆ A be given. We say that B is an ε-approximate
discerning decision reduct, iff it satisfies inequality
DiscA (d/B) ≥ (1 − ε)DiscA (d/A)

(52)

and of its proper subsets does it.
We can also try to express the concept of approximate preserving of rough membership information.
One can discuss various approaches to weakening of µ-preserving conditions, based either on analyzing
distances between probabilistic distributions or on aggregate quality measures [28, 29, 30, 31]. In Section
2, we proposed to evaluate B ⊆ A according to the object related decision rules B = B(u) ⇒ d = d(u).
Hence, let us consider constraint
GA (d/B) ≥ (1 − ε)GA (d/A)

(53)

which focuses our attention on subsets B ⊆ A inducing rules B = B(u) ⇒ d = d(u) being on average
almost as precise as those induced by the whole set of conditions, i.e. A = A(u) ⇒ d = d(u), for
u ∈ U . Obviously, besides geometric average (37), one can consider also other measures, e.g. the
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arithmetic average measures discussed in [29]. Here, by taking the logarithm of both sides of inequality
(53), we get the following equivalent condition (54), expressing the precision approximation in terms of
entropy:
Definition 4.6. Let ε ∈ [0, 1), A = (U, A ∪ {d}) and B ⊆ A be given. We say that B (H, ε)approximately µ-preserves d, iff
HA (d/B) + log 2 (1 − ε) ≤ HA (d/A)

(54)

We say that B is an (H, ε)-approximate µ-decision reduct, iff it satisfies (54) and none of its proper
subsets does it.
Proposition 4.7. The notion of an (H, 0)-approximate µ-decision reduct is equivalent to the notion of a
µ-decision reduct.
For a consistent decision system A = (U, A ∪ {d}), where G A (d/A) = 1, the notion of an (H, 0)approximate µ-decision reduct is equivalent to the notion of a decision reduct. In such a case, by using
positive approximation threshold ε > 0, we obtain condition
GA (d/B) ≥ 1 − ε

(55)

leading to smaller subsets B ⊆ A, which still ε-approximately define d. The same methodology can
be applied to approximation of information reducts. We can refer to probabilities corresponding to the
association rules B = B(u) ⇒ A = A(u) and consider inequality
GA (A/B) ≥ 1 − ε

(56)

Just like in case of decision reducts, by taking the logarithm of both sides of (56), we get the following
equivalent condition (57):
Definition 4.7. Let ε ∈ [0, 1), A = (U, A) and B ⊆ A be given. We say that B (H, ε)-approximately
defines A, iff
HA (B) ≥ HA (A) + log2 (1 − ε)
(57)
We say that B is an (H, ε)-approximate information reduct, iff it satisfies (57) and none of its proper
subsets does it.
Proposition 4.8. The notion of an (H, 0)-approximate information reduct is equivalent to the notion of
an information reduct.
As a conclusion, we obtain conditions (54) and (57), which enable to intuitively express the notions of
approximate preserving information in probabilistic framework, for the appropriately tuned threshold
ε ∈ [0, 1).
Condition (54) can be generalized onto a very powerful notion of approximate conditional probabilistic independence, which has similar properties as the classical probabilistic model considered in
[15]. It enables, e.g., to derive from data approximate Bayesian networks, based on approximate Markov
boundaries. We refer the reader to [30, 31] for more details concerning this approach.
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5. Complexity of the approximate reduction
5.1. Definitions and basic results
Let us consider the model optimization tasks concerned with the Approximate Reduction Principle
(ARP), which states that any simplification of the model, which approximately preserves its precision,
should be performed to decrease its complexity (cf. [30, 32]). Let us begin with the problems related to
Definitions 4.6, 4.7.
Definition 5.1. Let ε ∈ [0, 1) be given. By the Minimal (H, ε)-Approximate Decision Reduct Problem
(MHεDRP) we mean the task of finding for each given decision system A = (U, A ∪ {d}) a minimal (in
sense of the number of elements)2 subset B ⊆ A satisfying (54). By the Minimal (H, ε)-Approximate
Information Reduct Problem (MHεIRP) we mean the task of finding for each given information system
A = (U, A) a minimal subset B ⊆ A satisfying (57).
According to Propositions 4.7 and 4.8, the above problems generalize the original rough set based principles of the attribute reduction, for ε = 0.
Proposition 5.1. MH0DRP is equivalent to MµDRP – the task of finding for each given decision system
a minimal µ-decision reduct. If we additionally restrict ourselves to the consistent decision systems, then
MH0DRP becomes to be equivalent to MDRP – the task of finding for each given consistent decision
system a minimal decision reduct. In the same way, MH0IRP is equivalent to MIRP – the task of finding
for each given information system a minimal information reduct.
MDRP and MIRP are well known to be NP-hard [24]. As an example, let us sketch the proof of NPhardness of MDRP. It is based on polynomial reduction of the Minimal
Dominating Set Problem (MDSP)

– the task of finding for each given undirected graph G = A, E a minimal (in sense of the number of
elements) subset B ⊆ A, which covers the whole set of vertices A, i.e. satisfies equality Cov G (B) = A,
where

CovG (B) = B ∪ a ∈ A : ∃b∈B (a, b) ∈ E
(58)

MDSP is reported as NP-hard in [6]. In purpose of reducing it to MDRP, one constructs for each G =
A, E a decision system AG = (UG , A ∪ {dG }) such that any minimal decision reduct B ⊆ A for A G
corresponds to a minimal subset, which satisfies (58). The idea of such a construction is very simple
– we illustrate it in Figure 1. In the same way one proves the NP-hardness of MµDRP mentioned in
Proposition 5.1, comparable to the problem of finding minimal Markov boundaries [28].
In [35] it was proposed to evaluate decision reducts with the number of induced decision rules. This
is a step towards optimization of reducts by means of complexity of the corresponding decision models.
Given decision reduct B ⊆ A for A = (U, A ∪ {d}), the number of unique rules equals to the number of
B-indiscernibility classes, i.e. VBU .

Definition 5.2. By the Minimal Rule Decision Reduct Problem (MRDRP) we mean the task of finding
for each given consistent decision system A = (U, A ∪ {d}) a minimal decision reduct B ⊆ A, which
satisfies condition
(59)
VBU = minC⊆A: C def ines d VCU
2

In all foregoing specifications of the problems of finding various types of reducts, by a minimal subset of attributes we will
mean a subset, which is minimal in sense of the number of elements.
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Figure 1. Example of G = A, E , where A = {1, . . . , 8}, and appropriately constructed decision system
AG = (UG , A ∪ {dG }), where objects u1 , . . . , u8 and attributes a1 , . . . , a8 correspond to vertices of G. Values
ai (uj ), i, j = 1, . . . , 8, are equal to 1, iff i = j or (i, j) ∈ E. The rest of the system is specified in such a way that
there is an equivalence between subsets defining dG in AG and subsets dominating G.

MRDRP was reported as NP-hard in [30, 35], in various forms. Here, let us show it by using a very
simple reduction of NP-hard MIRP, specified in Proposition 5.1.
Theorem 5.1. MRDRP is NP-hard.
Proof:
For any information system A = (U, A), we construct decision system A ∗ = (U, A ∪ {dA }) by adding
column dA , which takes different values for different A-indiscernibility classes in A. Then, any subset
B ⊆ A defines dA in A∗ , iff it defines A. According to specification of d A , each such B must satisfy
equality VBU = VAU . Hence, if B is the solution of MRDRP for A ∗ , then it is the solution of MIRP
for A.
t
u
The same methodology can be applied to other types of reducts. We can also define other complexity
measures of decision models induced by considered subsets of attributes (cf. [30]). It leads to the ARP
Principle specified at the beginning of this subsection. ARP was originally formulated in [32], as stating
that, given a rule based decision model, any simplification, which approximately preserves the expected
chance of correct classification should be performed to increase the expected chance of the new case
recognition. In this paper, we concentrate on the Approximate Entropy Reduction Principle (AERP),
where we use entropy to express both precision (corresponding to the chance of correct classification)
and complexity (intuitively opposite to the chance of the new case recognition, i.e. to the average strength
of decision rules).
Definition 5.3. Let ε ∈ [0, 1) be given. By the H-Strength Optimal (H, ε)-Approximate Decision
Reduct Problem (StHεDRP) we mean the task of finding for each given A = (U, A ∪ {d}) a minimal
(H, ε)-approximate µ-decision reduct B ⊆ A, which satisfies condition
HA (B) = minC⊆A: HA (d/C)+log 2 (1−ε)≤HA (d/A) HA (C)

(60)
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Constraint in (60) is the same as in case of MHεDRP – it corresponds to condition (54). Optimization
goals are, however, different. Let us note that in case of MHεDRP we are searching for B ⊆ A, which,
for a given decision system A = (U, A ∪ {d}), satisfies condition
|B| = minC⊆A: HA (d/C)+log2 (1−ε)≤HA (d/A) |C|

(61)

It means that the only important optimization criterion in MHεDRP is the number of attributes: first, we
restrict ourselves to the family of subsets B ⊆ A, which satisfy (54); then, we choose one of subsets
with minimal number of elements from the obtained family. In case of StHεDRP we are searching for
a minimal (H, ε)-approximate µ-decision reduct B ⊆ A, which has minimal value of H A (B). Such
a reduct is not necessarily the one, which has minimal possible value of |B|. Just like before, we first
consider the family of subsets, which satisfy (54); then, however, we additionally restrict to subfamily of
subsets, which minimize HA (B); finally, we choose a minimal element from such obtained subfamily.
According to (34), minimization of H A (B) is equivalent to maximization of G A (B), which is the
geometric average of the strength of object related decision rules induced by B. Hence, searching for
minimal subsets satisfying (60) leads to the decision rule based models with relatively (up to the choice of
ε ∈ [0, 1)) high precision and possibly high average strength of the component rules. Similarly, instead
of the average strength, we could optimize the average sensitivity. Given A = (U, A ∪ {d}) and B ⊆ A,
we have
HA (B/d) = − log 2 (GA (B/d))
(62)
where
GA (B/d) =

p
Πu∈U P (B(u)/d(u))

|U |

(63)

reflects the average sensitivity of decision rules B = B(u) ⇒ d = d(u), for u ∈ U . It leads to the
following modification of AERP:
Definition 5.4. Let ε ∈ [0, 1) be given. By the H-Sensitivity Optimal (H, ε)-Approximate Decision
Reduct Problem (SeHεDRP) we mean the task of finding for each given A = (U, A ∪ {d}) a minimal
(H, ε)-approximate µ-decision reduct B ⊆ A, which satisfies condition
HA (B/d) = minC⊆A: HA (d/C)+log 2 (1−ε)≤HA (d/A) HA (C/d)

(64)

5.2. Minimal approximate entropy reducts
The main goal of this subsection is to show that the optimization problems formulated in Definition
5.1 are NP-hard. We base on the result, which has been already presented in [29], as helpful while
considering another class of the approximate reduction problems. We recall it here in a slightly improved
form.

Definition 5.5. Let α ∈ [0, 1), G = A, E and B ⊆ A be given. We say that B α-approximately
dominates G, iff
|CovG (B)| ≥ (1 − α)|A|
(65)
Definition 5.6. Let α ∈ [0, 1) be given. By the Minimal α-Approximate
 Dominating Set Problem
(MαDSP) we mean the task of finding for each given graph G = A, E a minimal (in sense of the
number of elements) subset B ⊆ A satisfying (65).
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D. Ślȩzak / Approximate Entropy Reducts

Obviously, MDSP discussed in the previous subsection is a special case of MαDSP.
Theorem 5.2. ([29]) For any α ∈ [0, 1), MαDSP is NP-hard.
Proof:
We reduce MDSP to MαDSP, for any α
 ∈ (0, 1). We provide the method of constructing for any
G = A, E such graph Gα = Aα , E α , that the
for Gα provides the solution of
n solution of MαDSP
o
MDSP for G. Let us put E α = E and Aα = A ∪ a∗1 , . . . , a∗n(α) , for


|A|α
n(α) =
1−α

(66)

As an example, for α = 0.3 we obtain n(0.3) = 3 and G 0.3 presented in Figure 2.

8
4

7
3
a

b

c

6

5
2

1


Figure 2. G0.3 = {1, . . . , 8, a, b, c}, E resulting from extension of G from Figure 1. One can see that the
minimal set, which 0.3-approximately dominates G0.3 can take the form of B0.3 = {1, 7}, {2, 8}, {3, 5} or {4, 6}.
In all these cases, B0.3 is already the solution of MDSP for G, i.e. B 0 = B and B ∗ = ∅.

Quantity n(α) satisfies inequality
|A| − 1 < (1 − α)(|A| + n(α)) ≤ |A|
It implies that the number of vertices in G α can be bounded as follows:



α
|Aα | = |A| + n(α) ≤ |A| 1 +
1−α

(67)

(68)

Let us assume that a minimal subset B α ⊆ Aα , which α-approximately dominates G α , is given. We
show how to get from Bα ⊆ Aα a minimal subset B ⊆ A dominating G. Let us express B α as disjoint
set theoretic sum Bα = B 0 ∪ B ∗ , where B 0 ⊆ A and B ∗ ⊆ {a∗1 , . . . , a∗n(α) }. Consider the subset
dominating G, defined as

B = B 0 ∪ A \ CovG (B 0 )
(69)

We show that if Bα is a minimal set, which α-approximately dominates G α , then B is a minimal set,
which dominates G. Let us notice that each subset dominating G α-approximately dominates G α . This is
because, according to (67), we have
|A| ≥ (1 − α)(|A| + n(α)) = (1 − α)|Aα |

(70)
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Hence, if B defined by (69) is a minimal set, which α-approximately dominates G α , then B must be a
minimal set, which dominates G as well. It remains to show that |B| ≤ |B α |. Let us notice that

|B ∗ | ≥ |A| − CovG B 0
(71)

because otherwise we would have

|CovGα (Bα )| = CovG B 0
which, according to (67), would imply



+ |B ∗ | < |A|

|CovGα (Bα )| ≤ |A| − 1 < (1 − α)(|A| + n(α)) = (1 − α)|A α |
and Bα would not α-approximately dominate G α . Hence:
 

|B| = B 0 ∪ A \ CovG B 0
= B 0 + |A| − |CovG B 0 | ≤ B 0 + |B ∗ | = |Bα |

(72)

(73)

(74)
t
u

As an example of the application of Theorem 5.2, let us consider following problem:
Definition 5.7. Let ε ∈ [0, 1) be given. By the Minimal ε-Approximate Discerning Decision Reduct
Problem (MεDDRP) we mean the task of finding for each given decision system A = (U, A ∪ {d}) a
minimal subset B ⊆ A satisfying (52).
Theorem 5.3. (cf. [30]) For any ε ∈ [0, 1), MεDDRP is NP-hard.
Proof:

Let G = A, E be given. We show that by considering the decision system A G , constructed due to
specification illustrated in Figure 1, MαDSP can be reduced to MεDDRP, for α = ε. It is enough to
notice that in such a case DiscAG (d/B) equals to |CovG (B)|. Hence, for α = ε, conditions (52) and
(65) are equivalent.
t
u
Now, let us go back to the main topic, concerned with Definition 5.1.
Theorem 5.4. (cf. [30]) For any ε ∈ [0, 1), MHεDRP is NP-hard.
Proof:

∗ , A∪{d∗ }),
We show how to construct, for each given graph G = A, E , decision system A∗G,ε = (UG,ε
G,ε
for which |UG,ε | is linearly bounded by n = |A| and there exists such α(ε) ∈ [0, 1) that each subset
B ⊆ A α(ε)-approximately dominates G, iff it (H, ε)-approximately µ-preserves d ∗G,ε in A∗G,ε. In this
way, we will reduce in polynomial time the NP-hard Mα(ε)DSP Problem to MHεDRP.
We illustrate the following procedure in Figure 3. Each a ∈ A has the set of values V a ⊆ {1, . . . , nr(ε)},
and decision d∗G,ε has the set of values Vd∗G,ε = {1, . . . , nr(ε)}, where


1
+1
r(ε) =
1−ε



(75)
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4
7
8
9
10
10
10
13
13
13
16
17
18
19
20
21
22
23
24

d∗G,ε
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

a8
1
1
1
4
4
4
7
7
7
10
11
12
13
14
15
16
16
16
19
20
21
22
23
24


Figure 3. For ε = 0.6 and G = A, E from Figure 1, we construct decision system A∗G,0.6 .
Each vertex of G corresponds to one conditional attribute and r(0.6) = 3 objects.

For any k = 1, . . . , nr(ε), let us put d∗G,ε (uk ) = k and define i(k) =
j = 1, . . . , n, we put

aj (uk ) =







k

l

k
r(ε)

m

. For any aj ∈ A,

if i(k) = j ∨ {ai(k) , aj } ∈ E
(76)

(i(k) − 1)r(ε) + 1

otherwise

For any k = 1, . . . , nr(ε) and B ⊆ A, we have two possibilities:
1. If there is an element of B connected with a i(k) by an edge in G, then [uk ]B = {uk }.
−
Distribution →
µ d∗G,ε /B (uk ) is then a vertex of simplex 4r(ε)−1 and its entropy is 0.
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2. If there is no element of B connected with a i(k) by an edge in G, then
[uk ]B = {u(i(k)−1)r(ε) , . . . , ui(k)r(ε) }

(77)

−
Distribution →
µ d∗G,ε /B (uk ) is then uniform and its entropy is log 2 r(ε).
Summarizing, for any given B ⊆ A, we have
nr(ε)
1
1 X
hd/B (uk ) = (0 · |CovG (B)| + log 2 r(ε) · |A \ CovG (B)|)
HA∗G,ε (d/B) =
nr(ε)
n

(78)

k=1

what can be equivalently written as


|CovG (B)|
HA∗G,ε (d/B) = log 2 r(ε) 1 −
n



(79)

Let us notice that HA∗G,ε (d/A) = 0 and for any B ⊆ A inequality
HA∗G,ε (d/B) + log 2 (1 − ε) ≤ HA∗G,ε (d/A)

(80)

is equivalent to inequality
|CovG (B)|
log2 r(ε) 1 −
n


and further to



+ log2 (1 − ε) ≤ 0

|CovG (B)|
log 2 (1 − ε)
≥1+
n
log2 r(ε)

(81)

(82)

Let us put
α(ε) =

1
log2 ( 1−ε
)
log 2 r(ε)

(83)

The above implies that for such defined α(ε) ∈ [0, 1) the solution of MHεDRP for decision system A ∗G,ε
provides the solution of Mα(ε)DSP for undirected graph G.
t
u
We finish with the result concerning the second of problems specified in Definition 5.1.
Theorem 5.5. For any ε ∈ [0, 1), MHεIRP is NP-hard.
Proof:
One can use similar construction as in the proof of Theorem 5.5. The only difference is that we skip
∗ , A ∪ {d∗ }), we consider, for any given
the decision column – instead of decision system A ∗G,ε = (UG,ε
G,ε

∗ , A). One can see that for any B ⊆ A inequality
graph G = A, E , information system A∗G,ε = (UG,ε
HA∗G,ε (B) ≥ HA∗G,ε (A) + log2 (1 − ε)

(84)

is equivalent to (82). Hence, by choosing α(ε) ∈ (0, 1) as equal to (83), we reduce NP-hard Mα(ε)DSP
to the considered problem.
t
u
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5.3. Optimal approximate entropy reducts
In this subsection we consider two versions of the Approximate Entropy Reduction Principle, formulated
in Definitions 5.3 and 5.4. In case of the task of the entropy based sensitivity optimization, we can
proceed with the same construction as before.
Theorem 5.6. For any ε ∈ [0, 1), SeHεDRP is NP-hard.
Proof:

∗ , A ∪ {d∗ }), specified for a given G = A, E in the
Let us notice that in decision system A ∗G,ε = (UG,ε
G,ε
proof of Theorem 5.4, we have HA∗G,ε (B/d) = 0, for any B ⊆ A. Hence, the solutions of the problems
MHεDRP and SeHεDRP for A∗G,ε are identical. It means that the previously presented reduction of
Mα(ε)DSP to MHεDRP works also for SeHεDRP.
t
u
In case of the entropy based strength optimization, we need to use a slightly modified version of the
problem concerning approximately dominating sets.
Definition 5.8. Let α ∈ [0, 1) be given. By the α-Approximate Minimally
 Dominating Set Problem
(αMDSP) we mean the task of finding for each given graph G = A, E a minimal (in sense of the
number of elements) subset B ⊆ A such that
|CovG (B)| = minC⊆A: |CovG (C)|≥(1−α)|A| |CovG (C)|

(85)

Figure 4 illustrates the difference between Definitions 5.8 and 5.6. For α = 0.2, subset B = {1, 7}
is a minimal α-approximately dominating set for the above graph G. Actually, it is also a minimal
dominating set. It is, however, not a minimally α-approximate dominating set – it satisfies constraint
|CovG (B)| ≥ (1 − α)|B| but there is another B 0 = {1, 3, 8}, which satisfies it as well, and such that
|CovG (B 0 )| < |CovG (B)|.

8
4

7
3

4

6

5
1

8

2

7
3

6

5
1

2

Figure 4. Solutions of the MαDSP and αMDSP Problems, for α = 0.2.

Theorem 5.7. ([30]) For any α ∈ [0, 1), αMDSP is NP-hard.
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Proof:

Let α ∈ [0, 1) be given. Consider, for a given G = A, E , graph Gα constructed like in the proof
of Theorem 5.2. Let us note that for G α the family of α-approximate dominating sets coincides with
the family of subsets B ⊆ A satisfying condition (85) if considered for G α . Indeed, all minimal sets
α-approximately dominating Gα must dominate exactly n = |A| vertices. Otherwise, if for a given
Bα ⊆ Aα there is CovGα (Bα ) > n, then Bα includes at least one isolated vertex a ∗ ∈
/ A. Then
Bα is not minimal because after removing a ∗ we would still obtain the subset, which α-approximately
dominates Gα . Hence, the way of constructing Gα for each particular G implies that MDSP is reducible
in polynomial time to αMDSP.
t
u
Theorem 5.8. (cf. [30]) For any ε ∈ [0, 1), StHεDRP is NP-hard.
Proof:

∗ , A ∪ {d∗ }), constructed just like in
For a given G = A, E , consider decision system A∗G,ε = (UG,ε
G,ε
the proof of Theorem 5.4. For each subset B ⊆ A, we have H A∗G,ε (B) =

 



nr(ε)
1 X
1
1
1
=
log 2 (µB (uk )) =
log 2
|CovG (B)| + log 2
|A \ CovG (B)|
nr(ε)
n
n
nr(ε)

(86)

k=1

The following holds:
∀B,C⊆A [ |CovG (B)| ≤ |CovG (C)| ⇒ HA (B) ≤ HA (C) ]

(87)

Hence, any H-optimal (H, ε)-approximate reduct B ⊆ A for A ∗G,ε is also a subset, which α(ε)-approximately
dominates G and satisfies property (85). It implies that α(ε)MDSP is reducible in polynomial time to
StHεDRP, by using the same construction as that in the proof of Theorem 5.4.
t
u
Theorem 5.7 can be used also for obtaining similar results. For instance, in Subsection 5.1, we were
talking about complexity expressed by the number of decision rules, i.e. VBU , for a given decision
reduct B ⊆ A, in A = (U, A ∪ {d}). We claimed that such a complexity measure could be used also for,
e.g., (H, ε)-approximate µ-decision reducts.
Definition 5.9. Let ε ∈ [0, 1) be given. By the Minimal Rule (H, ε)-Approximate Decision Reduct
Problem (MRHεDRP) we mean the task of finding for each given A = (U, A ∪ {d}) a minimal (in sense
of the number of elements) (H, ε)-approximate µ-decision reduct B ⊆ A, which satisfies condition
VBU = minC⊆A: HA (d/C)+log 2 (1−ε)≤HA (d/A) VCU

(88)

Theorem 5.9. (cf. [30]) For any ε ∈ [0, 1), MRHεDRP is NP-hard.
Proof:

We reduce α(ε)MDSP to MRHεDRP, just like in the proof of Theorem 5.8. For a given G = A, E , we
∗ , A ∪ {d∗ }), in the same way as before. However, instead of
construct decision system A∗G,ε = (UG,ε
G,ε
HA∗G,ε (B) given by (86), we consider
U∗

VB G = r(ε) · |CovG (B)| + |A \ CovG (B)|

(89)
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h
i
U∗
U∗
∀B,C⊆A |CovG (B)| ≤ |CovG (C)| ⇒ VB G ≤ VC G

(90)

It can be used as (87) in the previous proof, to show the wanted reduction.

t
u

As a conclusion, we obtain a wide range of theoretical results, characterizing the search of optimal
(H, ε)-approximate µ-decision and information reducts as NP-hard.

6. Conclusions
We introduced the Approximate Entropy Reduction Principle (AERP), which generalizes the rough set
based reduction laws by basing on the measure of information entropy. It states that any simplification
(reduction of attributes) in the decision model, which approximately preserves its conditional entropy
(the measure of inconsistency of defining decision by conditional attributes) should be performed to
decrease its prior entropy (the measure of the model’s complexity).
Optimization tasks concerned with various versions of AERP are shown to be NP-hard. Theorems
5.1–5.4 and 5.7–5.9 refer to the results, which are already known in similar form (cf. [29, 30, 35]).
We attach their proofs, for they are much improved in comparison with the original sources. Theorems 5.5 and 5.6, which refer to the search of minimal (H, ε)-approximate information reducts and
(H, ε)-approximate µ-decision reducts optimizing the entropy based measure of sensitivity, respectively,
complete the presented analysis.
In the nearest future we are going to adapt the existing rough set based approaches to approximate
solving of the reduction problems ([3, 32, 34, 35]) to extracting of optimal approximate entropy reducts
from real life data (cf. [33]).
Acknowledgements Supported by Polish National Committee for Scientific Research (KBN) grant No.
8T 11C02519.
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